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Abstract. We study the distribution of 2-Selmer ranks in the family of qua- 
dratic twists of an arbitrary elliptic curve E over an arbitrary number field 
K. We first prove that the fraction of twists (of a given elliptic curve over a 
fixed number field) having even 2-Selmer rank exists as a stable limit over the 
family of twists, and we compute this fraction as an explicit product of local 
factors. We give an example of an elliptic curve E such that as K varies, these 
fractions are dense in [0, 1]. Under the assumption that Gal{K {E[2]) / K) = S3 
we also show that the density (counted in a non-standard way) of twists with 
Selmer rank r exists for all positive integers r, and is given via an equilibrium 
distribution, depending only on the "parity fraction" alluded to above, of a 
certain Markov Process that is itself independent of E and K. More generally, 
our results also apply to p-Selmer ranks of twists of 2-dimensional self-dual 
Fp-representations of the absolute Galois group of K by characters of order p. 
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Introduction 

The type of question that we consider in this paper has it roots in a conjecture of 
Goldfeld [6j Conjecture B] on the distribution of Mordell-Weil ranks in the family of 
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quadratic twists of an arbitrary elliptic curve over Q, and a result of Heath-Brown 
[21 Theorem 2] on the distribution of 2-Selmer ranks in the family of quadratic 
twists over Q of the elliptic curve = — x. 

We study here the distribution of 2-Selmer ranks in the family of quadratic twists 
of an arbitrary elliptic curve E over an arbitrary number field K . For example, let 
p{E/K) be the fraction of quadratic twists of E/K that have odd 2-Selmer rank. 
Precisely, for real numbers X > let 

C{K^X) :— {x ■ Gk {if} ■ X is ramified only at primes q with Nq < 

and define 

^ |{X e C{K,X) : dimp, SehjE^ / K) is odd}| 

' > ■ x'SL \C{K,X)\ 

It follows from a result of Monsky [T31 Theorem 1.5] along with root number cal- 
culations that p{E/Q) = 1/2 for every elliptic curve E/Q. It had already been 
noticed (see |4j) that this is not true when Q is replaced by an arbitrary number 
field K, because there are examples with K Q for which p{E/K) — 0, and others 
with p{E/K) = 1. Our first main theorem (see Theorem 16.61) evaluates p{E/K). 

Theorem A. Suppose E is an elliptic curve defined over a number field K. Then 
for all sufficiently large X we have 

piE/K) = l{xeC(X,X):dim..SeMi.Vi.) ^s oM}\ ^ _ ^^^^^^^^^ 

\C{K,X)\ 

where 5{E/K) G [—1, 1] n Z[l/2] is given by an explicit product of local factors (see 
Definition \6.4^ . 

We call 6{E/K) the "disparity" in the distribution of 2-Selmer ranks of twists 
of E. If K has a real embedding then 5{E/K) = so p{E/K) — 1/2 (see Corollary 
16.101) . On the other hand, Example 16.111 exhibits a particular elliptic curve £'/Q 
such that as K varies, the set {6{E/K)} is dense in [—1, 1], so {(1 — 5{E/K))/2} 
is dense in [0, 1]. 

Theorem \K\ suggests a natural generalization of Goldfeld's conjecture, see Con- 
jecture 16.121 

We next consider a finer study of the distribution of 2-Selmer ranks, as in 
the work of Heath-Brown [7 . The 2-Selmer rank of E/K is bounded below by 
dim.F2 E{K)[2]. For this reason we will consider, for every r > 0, the fraction 
Sr{E/K) of quadratic twists of E/K whose 2-Selmer rank is r -I- dimpa E{K)[2]. 
(We will be intentionally vague for now about how we order the quadratic charac- 
ters of K to define this fraction.) Recent work of Swinnerton-Dyer [23^ and Kane 
[5] extended the result of Heath-Brown mentioned above and showed that if E is 
an elliptic curve over Q such that E[2] C E{Q) and E does not have a Q-rational 
cyclic 4-isogeny, then 

Sr{E/K) = \cr 

where Cr is an explicit positive constant given by Definition 110.31 below with p — 2. 
Our main result along these lines is the following (see CoroUarv II 1.131) . 

Theorem B. Suppose that E is an elliptic curve over a number field K, and that 
Gd\{K{E[2\)/K) = S3. For every m > and X > let BmiX) be the collection of 
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quadratic characters of K in Corollarv \11.13[ Then for every r >0, 
j.^ |{X e gm(^) : diniF, Seh{E^/K) ^ r}\ 

m-i-oo X->-oo |Sm(X)| 

{p{E / K)cr if r is odd, 

(1 — p{E / K))cr if r is even. 

The constants are the same ones that appear in the results of Heath-Brown 
and Swinnerton-Dyer. In other words, the only parameter needed to describe the 
distribution of 2-Selmcr ranks in the family of quadratic twists of E (at least, when 
Ga\{K{E[2])/K) ^ S3) is the disparity 5{E/K). 

For X € Bm{X), the m is related to the number of primes dividing the conductor 
of X, and X is related to a bound on the size of those primes. We have Bm{X) C 
Bm'{X') \i m < m! and X < X' , and Um,,xBm{X) is the set of all quadratic 
characters of K. The collections of characters Bm{X) are not the most natural ones 
to consider (we call them "skew-boxes" ) , but are forced upon us by the method of 
proof. We expect the following more natural statement to hold. 

Conjecture C. Suppose that E is an elliptic curve over a number field K , and 
that Gal{K{E[2])/K) S3. Then for every r>0, 

\{X e C(K.X) : dimF., SehiE^/K) = r}\ {piE/K)cr if r is odd, 

lim ; — = < 

\C{K,X)\ \{l - p{E / K))cr if r IS even. 

Our methods begin with those of p!0] and [11] . Namely, we view all of the Selmer 
groups Se\2[E^/K) as subspaces of H^[K,E\^]), defined by local conditions that 
vary with x- In this way we can attach a Selmer group to a collection of local 
quadratic characters. The question of which collections of local characters arise 
from global characters is an exercise in class field theory (see fJS] and SjH especially 
Proposition 19. 6p . 

To prove Theorem \^ we first obtain the surprising result that the parity of 
dimFa Sel2(-E'^/-K^) depends only on the restrictions of x to the decomposition 
groups at places dividing 2 IS. eoo, where A^; is the discriminant of some model 
of E (see Proposition 16. 2p . Using this fact we are able to deduce Theorem 1X1 

For Theorem [B] we analyze carefully (see Proposition lS.ip how the Selmer group 
changes when we change just one of the local characters. This allows us to describe 
the distribution of Selmer ranks by a Markov process (as Swinnerton-Dyer does 
in [23]), where each step consists of changing one local character. The values on 
the right hand side of Theorem |B] arise as the limiting distribution for this Markov 
process. 

There is another important ingredient in the proofs of Theorems |X] and [B] 
We make essential use of a recent observation of Poonen and Rains [16] that 
the local conditions that define the 2-Selmer groups we are studying are maximal 
isotropic subspaces for a natural quadratic form on the local cohomology groups 
H^{Ky, E[2]). We use this in a crucial way in the proof of Theorem 12.91 which ex- 
tends a result from [TD] to include the case p = 2. Theorem 12.91 is a key ingredient 
in the proofs of both Theorems |X| and jB] 

Our methods apply much more generally than to 2-Selmer groups of elliptic 
curves, and throughout this paper we work in this fuller generality. Namely, suppose 
p is any prime, and T is a 2-dimensional Fp- vector space with 
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• an action of the absolute Galois group Gk , 

• a nondegenerate G^-equivariant alternating /Xp-valued pairing, and 

• a "global hyperbolic structure" (see Definition I2.3p . 

We also assume we are given "twisting data" (Definition I3.4p that allows us to 
define a family of Selmer groups Sel(T, x) a-s X runs through characters of Gk of 
order p. We have analogues of Theorems El and |B] describing the distribution of 
dimpp Sel(r, x) in this setting. 

For example, if E is an elliptic curve over then T :— E[p\, the kernel of 
multiplication by p on E, comes equipped with all the structure we require. When 
p> 2 the Selmer groups Se\{E[p\,x) are not Selmer groups of elliptic curves, but 
they are Selmer groups of (j) — l)-dimensional abelian varieties over K that are 
twists of E in the sense of [12]. See ^ 

The layout of the paper is as follows. Let T be a Galois module as above. In ^ 
we define hyperbolic structures and Selmer groups in the generality we will need 
them. The key result is Theorem 12.91 which shows how the parity of the Selmer 
rank changes when we change some of the defining local conditions. In fJ3] we define 
the Selmer groups associated to twists of T, and in fj4l'^6 show how these Selmer 
groups reduce to classical Selmer groups of twists when T = E[p] for an elliptic 
curve E/K . 

Section [5] (and later, ^ uses class field theory to allow us to go back and forth 
between global characters and collections of local characters. In fJHwe study "parity 
disparity" when p = 2, and prove Theorem El and in ^J7|we obtain similar results 
when p> 2. In SjHwe use Theorem 13. 101 to study how the actual Selmer rank (not 
just its parity) changes when we change just one local condition. We introduce 
probability distributions and our Markov process in fJTOl and we prove Theorem |B] 

in gm 

1. Notation 

Fix a number field K and a rational prime p. Let K denote a fixed algebraic 
closure of K , and Gk '■= Ga\(K/K). Let fi^ denote the group of p-th roots of unity 
in K. 

Throughout this paper T will denote a two-dimensional Fp-vector space with 
a continuous action of Gk, and with a nondegenerate G^f-equivariant alternating 
pairing 

(1.1) A^T-^Mp. 

We will use v (resp., q) for a place (resp., nonarchimedean place, or prime ideal) 
of K. If w is a place of K, we let denote the completion of K at v, and K^'^ 
its maximal unramified extension. We say that T is unramified at v if the inertia 
subgroup of Gk^ acts trivially on T, and in that case we define the unramified 
subgroup HI{kI,T) C HHK,,T) by 

HlAK.,T) H\K'^'IK,,T) = ker[i/i(if„, T) ^ H\k:\T)]. 

If c G H^{K, T) and u is a place of K, we will often abbreviate Cy :— loCi,(c) for the 
localization of c in H^{Ky, T). 

We also fix a finite set S of places of K, containing all places where T is ramified, 
all primes above p, and all archimedean places. 



SELMER RANKS OF QUADRATIC TWISTS OF ELLIPTIC CURVES 



5 



2. Hyperbolic structures and Selmer structures 

In this section we define what we mean by a global hyperbolic structure q on 
T, and by a Selmer group for T and q. The main result is Theorem 12. 9[ which 
shows how the parity of the Selmer rank changes when we change the defining local 
conditions. 

The cup product and the pairing (jl.ip induce a pairing 

(2.1) H\K,T) X H\K,T) ^ H^{K,T(g)T) ^ H'^{K,Hp). 

If u is a place of K and Ky is the completion of X at u, then applying the same 
construction over the field Ky gives local pairings 

H\Ky,T) X H\Ky,T) ^ H\Ky,T®T)^ H\Ky,(ip). 

For every v there is a canonical inclusion H^{Ky, /Xp) ^ Fp, that is an isomorphism 
unless either Ky = C, or Ky = R and p > 2. The local Tate pairing is the 
composition 

(2.2) { ,)y: H\Ky,T) x H^(Ky,T) ^ Fp. 

The Tate pairings satisfy the following well-known properties. 

Theorem 2.1. (i) For every v, the pairing ( , )y is symmetric and nonde- 

generate. 

(ii) If V ^ then H^^.{Ky,T) C H^(Ky,T) is equal to its own orthogonal 
complement under ( , )„. 

(iii) //c, d £ H^{K, T), then {cy,dy)y — for almost all v and J2y {cv,dy)y — 0. 

Proof. For (i) and (ii), see for example [131 Corollary 1.2.3 and Theorem 1.2.6]. The 
first part of (iii) follows from (ii), and the second from the fact that the sum of the 
local invariants of an element of the global Brauer group is zero. □ 

Definition 2.2. Suppose is a place of K. A quadratic form on H^{Ky,T) is a 
function q : H^{Ky,T) — >■ Fp satisfying 

(i) q{ax) — a^q{x) for every a € Fp and x e H^{Ky,T), 

(ii) (x,y) n- q{x + y) — q{x) — q{y) is a bilinear form on H^{Ky,T). 

We say that g is a Tate quadratic form if the bilinear form of (ii) is ( , )^. If t; ^ E, 
then we say that q is unramified if q{x) = for all x G H^j.(Ky, T). 

Definition 2.3. Suppose T is as above. A global hyperbolic structure q on T 
consists of a Tate quadratic form qy on H^{Ky,T) for every place v, such that 

(i) if w ^ E then qy is unramified, 

(ii) if c e H\K,T) then E„'Z«(c.) = 0. 

Note that if c e H^{K,T) then Cy e H^j.{Ky,T) for almost all v, so the sum in 
Definition 12. 3f ii') is finite. 

Lemma 2.4. Ifp > 2 then there is a unique Tate quadratic form qy on H^(Ky,T) 
for every v, and a unique global hyperbolic structure on T . 

Proof. Since p ^ 2, for every v there is a unique Tate quadratic form qy on 
H'^{Ky,T), namely 

If u ^ S then qy is unramified by Theorem I2.ir ii). and if c G H^{K,T) then 
J2y qv{cy) ^ U2y i^v , Cy) y = by Thcorcm [l?TIiii) • □ 
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Remark 2.5. Suppose p ^ 2 and q ~ {qv : v of K} is a global hyperbolic structure 
on T. If c e H^{K, T) is such that Cv £ H^^{Kv, T) for every w ^ S, then for every 
V we can define a new Tate quadratic form on H^{Ky,T) by 

q'y{x) := qy{x) + (x, c„)„. 

It is straightforward to check (using Theorem 12. ip that q' := {q,^} is again a global 
hyperbolic structure on T, and if c 7^ then q' 7^ q. 

Definition 2.6. Suppose u is a place of K and is a quadratic form on H^{Ky,T). 
A subspace F C H^{Ky,T) is Lagrangian for {H^{Ky,T),qy) if F is equal to its 
own orthogonal complement under ( , )„, and = for every x € V. 

Let 

T~1-{Qv) ■— {Lagrangian subspaces of {H^{Ky,T),q,j)}, 

and if u ^ S 

Hram(g.) :={l^eHfe,) ■.VnHl{Ky,T)=0}. 

Lemma 2.7. Suppose v ^ T, and q^ is a Tate quadratic form on H^(Ky,T). Let 
dy :— dimpp T*^^" . Then: 

(i) diTnF^H\Ky,T)^2dy, 

(ii) every V € "H^qv) has dimension dy, 

(iii) if dy > and qy is unramified, then |Hram(<?t))| =p''''~^. 

Proof. Since ( , )„ is nondegenerate, every Lagrangian subspace of H^{Ky,T) has 
dimension i dimp^ H^{Ky,T). If w ^ E, then Hl^{Ky, T) is La grangian by Theorem 
ICTii). We have H^^{Ky,T) = T/(Frob^ - 1)T (see for example JBi §XIII.l]), so 
the exact sequence 

— y tGk,, — ^ J. Frob,.-i^ y — ^ r/(Frob„ - 1)T — ^ 

shows that dimpp Hl^^{Ky,T) = dy. This proves (i) and (ii). 

Assertion (iii) follows from a calculation of Poonen and Rains [121 Proposition 
2.6(b,e)]. □ 

Definition 2.8. Suppose T is as above and q is a global hyperbolic structure on 
T . A Selmer structure S for (T, q) (or simply for T, if q is understood) consists of 

• a finite set E5 of places of if, containing E, 

• for every v G E5, a Lagrangian subspace Hg{Ky,T) C H^{Ky,T). 

If iS is a Selmer structure, we set Hg{Ky, T) := H^j.{Ky,T) if t; ^ E5, and we define 
the Selmer group H^{K,T) C H^{K,T) by 

H^{K,T) ■.= kcT{HHK,T) ^ ®H\Ky,T)/HUKy,T)), 

V 

i.e., the subgroup of c G H^{K,T) such that Cy E Hg{Ky,T) for every v. 
Theorem 2.9. Suppose S and S' are two Selmer structures for T . Then 

dimpp Hl{K, T) - dimpp ff^, {K, T) 

= J2 dimp^ H^{Ky,T)/{H^{Ky,T)nH^,{Ky,T)) (mod 2). 
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Proof. When p > 2, this is (lOi Theorem 1.4]. In the proof of that theorem, the 
fact that p is odd is used only at the very end of the proof of [TOl Proposition 
1.3], to say that a finite-dimensional Fp-vector space with a non-degenerate skew- 
symmetric pairing must have even dimension. To complete the proof in the case 
p = 2, we need to show that the pairing is question ((1.2) of [10]) is alternating, 
not just skew-symmetric. 

The pairing is defined as follows. (All of the sums below are taken over all places 
V, but all summands with v ^ are zero.) Following 10 , define local vector 

spaces 

H's+s'iKv,T) Hl{K,,T) + i/^, (X,, T), 
Hl^S'iK., T) := Hl{K,,T) n Hi;, {K,,T), 

B e(i/^+5,(if„,r)/i/^n5,(if„,T)), 

V 

Bs ■.= e{HUK.,T)/H],^s,{K,,T)), 

V 
V 

and global subspaces 

Hl^S'iK.T) :=ker(ffi(ir,T) m\K,.T) / Hl^s'iK^.T)), 

V 

The natural homomorphisms Bs,Bs' t- B are injective, and the induced map 
,65 © Bs' i? is an isomorphism. The sum of the localization maps induces an 
injection loc : C ^ B, and composing with the projection maps from B to Bs and 
-65/ gives maps I0C5 : C B^ and I0C5' : C — >■ Bs'- The pairing (1.2) of [lU] is a 
pairing on C defined by 

(2.3) [x,y] ■.= ^ {\ocs{x)y,\ocs'{y)v)v 

V 

The proof of [101 Proposition 1.3] shows that the pairing ()2.3p is nondegenerate. 
For every x G C, 

[X,X] = {lOCs{x)y ,lOCS' ix)y) y 

V 

= '^iqv{iocs{x)y + loc5'(a;)u) - qv{hcs{x)y) - qv{locs'{x)y) j 

= '^iqv{xv)~ qy{\ocs{x)y) - qy (Iocs' {x)y) ] ■ 

We have loc5(a:)„ e H<^{Ky,T), and by definition qy vanishes on H^{Ky,T). Thus 
qy(locs{x)y) = for every v, and similarly g„(loc5' (a;)„) — 0. Since q is a global 
hyperbolic structure, J^ylvi^v) — 0. Thus [x,x] = 0, so the pairing ()2.3p is 
alternating. The rest of the proof of the theorem is identical to that of JJ] , Theorem 
1.4]. □ 



8 



ZEV KLAGSBRUN, BARRY MAZUR, AND KARL RUBIN 



3. Twisted Selmer groups 

Given T as above (and some additional "twisting data" , see Definition 13. 4|) , 
in this section we show how to attach to every character x G Hom(GA',Mp) ^ 
Selmer group Sel(r, x). More generally, we attach a Selmer group Sel(T, 7) to 
every collection of local characters 7 = (7„) with g }iom{G k^. , fJ-p) for v in some 
finite set containing E. Our main result is Theorem 13. 10[ which uses Theorem 12.91 
to show how the parity of the Selmer rank changes when we change some of the 

Definition 3.1. If L is a field, define 

C(L) :=Hom(GL,Mp) 

(throughout this paper , "Hom" will always mean continuous homomorphisms). If 
L is a local field, we let CramiL) C C{L) denote the subset of ramified characters. 
In this case local class field theory identifies C{L) = Hom(I/^ , /^tp), and Cram(i) 
is then the subset of characters nontrivial on the local units O^. Let 1^ G C{L) 
denote the trivial character. 

There is a natural action of Aut(/Xp) = on C(L), and we let J-{L) := 
C(L)/Aut(/Xp). Then T{L) is naturally identified with the set of cyclic extensions 
of L of degree dividing p, via the correspondence that sends x G C{L) to the fixed 
field Z'^°'^(x) of ker(x) in L. If L is a local field, then J^ram(-^) denotes the set of 
ramified extensions in J-{L). 

Definition 3.2. For 1 < i < 2 define 

{q : q ^ S, /Xp C isTq, and dimp^ T^^t = i}, 

and Vo ■— {c{ '■ c{ ^ ^ ^ Vi D V2}- Define the weight w{q) G {0, 1, 2} of a prime q of 
is:, q ^ E, by w{q) i if q e 'P^. 

Let K{T) denote the field of definition of the elements of T, i.e., the fixed field 
in K of ker(GK Aut(T)). 

Lemma 3.3. Suppose q is a prime of K, q ^ and let Frobq e Ga\{K{T)/ K) be 
a Frohenius element for some choice of prime above q. Then 

(i) q G 7^2 */ o,nd only i/Frobq — 1, 

(ii) q G 7^1 if and only if Frobq has order p, 

(iii) q € Vq if and only if Frob^ 7^ 1 . 

In particular 1^2 has positive density in the set of all primes of K , and Vi has 
positive density if and only if p \ [K{T) : K]. 

Proof. Fix an Fp-basis of T so that we can view Frobq G GL2(Fp). Then by 

Hp C Kq <^=^> Frobq acts trivially on fi^ <^=> det(Frobq) = 1. 

Since q ^ E, T is unramified at q, so T'^^- = TFrob,=i^ subspace of T fixed by 
Frobq. We have dimp^ T'^™^,^! ^ 2 if and only if Frobq = 1, and if det (Frobq) = 
1, then dimpp T^™'^'!^^ = 1 if and only if Frobq has order p. This proves the 
lemma. □ 

Definition 3.4. Suppose T, E are as above, and q is a global hyperbolic structure 
on T. By twisting data we mean 

(i) for every u G E, a (set) map 

ay : C{Ky)/ Ant{u) = TiK^) — ^ H(<7„), 



SELMER RANKS OF QUADRATIC TWISTS OF ELLIPTIC CURVES 



9 



(ii) for every v € V2, a bijectfon 

Note that if w e 7^2 then |J^ram(^ti)| = P = l^ramC^w)!, the first equality by local 
class field theory (since by definition v 'f p and fip C ) and the second by Lemma 
12.71 If w ^ E U 7^2 then Hramigv) has at most one element. 

If X G C{K) and 1; is a place oi K, we let Xv & C{Kv) denote the restriction of x 
to Gk^. 

Definition 3.5. Let 

V :— {squarefree products of primes q G T'l U 7^2}, 

and if 5 e P let 5i (resp., 1)2) be the product of all primes dividing that lie in Vi 
(resp., 7^2)1 so = £)i02- For every d £ V, define the weight of d by 

w{^) ■.= Y,w{q) = |{q : q I Ojl + 2 • |{q : q | ^2}\. 

Let E(£)) E U {q : q I 0} C E U 7^1 U 7^2 and 

C(c)) := {x G C{K) : x is ramified at all q dividing 13, 

and unramified outside of E(c)) U Vq}. 

Define a finite set 

t)6S q|D2 

and let rju : C(D) — > Fo and 771 : C(0) — > Fi denote the natural maps 

'70 (x) :=(••• ,Xt-, ■ • •)• 

Note that C{Kv) is a group, and Cram(-?^u) is not a group but it is closed under 
multiplication by unramified characters. Clearly C{K) — JJu^xi^i^)- 

Definition 3.6. Given T, q, and twisting data as in Definition 13. 4[ we define a 
Selmer structure 5(7) for every G 2? and 7 — (7^)^ G Fg as follows. 

• Let E5(^) := E(t)). 

• If w e E then let H^^^.^{K^,T) := a„(7^,), 

• If w I Oi, let H^^^-^{Ky,T) be the unique element of "Hram (<?«)• 

• If w I t)2, let H^^^^{K^,T) := a47^) e Ur^m{qv). 

If 7 e Fo we will also write Sel(T, 7) iJ^^^, (iC, T), and if x e C(£)) then we define 

Sel(T,x) :=Sel(T,,7o(x))- 

Remark 3.7. It is clear from the definition that Sel(T, x) depends only on the 
extension of K cut out by x, i-e., Sel(r, x) = Sel(T, x*) for all i S . However, 
when we later count the twists Sel(T, x) with certain properties, it will be convenient 
to deal with C{K) rather than J-{K) because C{K) is a group. In any case the 
natural map C{K) -» C{K)/ Aut{fip) = ^{K) is [p— I)-to-one except for the single 
fiber consisting of the trivial character, so it is simple to go from counting results for 
C{K) to results for T{K). In particular, whenp = 2 the natural map C{K) — > J-{K) 
is a bijection. 
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Remark 3.8 (Remarks about twisting data). Our definition of twisting data is 
designed to ensure that for u ^ S, all subspaces V G T-Lmmiqv) occur with equal 
frequency as we run over characters x € C{K) that are ramified at v. That fact is 
all we require to prove our results in sections |6l [7] and [11] about the rank statistics 
of Sel(T, x)- In particular, the conclusions of Theorems 16.61 [TTtI and Ill.lT] below 
do not depend on the choice of twisting data for (T, q). 

The twisting data does not involve primes q € T'o or T'l. li q E Vq then either 
H^{Kq,T) = by Lemma I^TTT i). or fi^ ^ so no Cram(^'^q) is empty; in either 
case q does not occur in any Selmer structure for twists of T. If q S Vi then Lemma 
I2.7r iii) shows that there are only two possibilities for for a Selmer structure at q, 
one unramified and one ramified. 

We will see in 21 that when E is an elliptic curve over K, p is a rational prime, 
and T = E[p\, then there is natural global hyperbolic structure on E[p\ and natural 
twisting data such that for every x G C{K), Se\{E[p],x) is a classical Selmer group 
of a twist of E (an abelian variety twist, when p > 2). An analogous statement 
should hold for more general (self-dual) motives and their Bloch-Kato p-Selmer 
groups, so our results below should also apply to Bloch-Kato Selmer groups in 
families of twists. 

Definition 3.9. If w e E and x, x' € C{Ky), define 

hv{x,x') ■= dimpp a„(x)/(at,(x) n ai,(x'))- 
Theorem 3.10. Suppose G 7 G Fi, and 7' G Fo. Then 

dimp, Sel(r, 7) - dimp, Sel(T, 7') = ^ 7,',) + w{d) (mod 2). 

Proof. We will deduce this from Theorem 12.91 Suppose q | 0. Then by definition 
Hl^^^{K^,T) = Hl{K„T), and H^^^^,^{K„T) G Ur^M, so 

Jfi(^)(X„T)ni/^(^,)(i^„r)=0. 

If q G T'i then dimpp H^j^^{Kq,T) = i hy Lemma [277l ii). so 

dimpp (i7 1 {K, , T)/(ff 1 {K, , T) n if ^ (^,) {K„T))) ^ i. 

Now the theorem follows from Theorem l2.91 applied with S — 5(7) and S' = 5(7'), 
since w{d) = |{q : q | ^i}\ +2\{l:c\\ Oa}!. □ 

Corollary 3.11. Suppose O G I? and x G C(£)). Then 

dimpp Sel(T, x) ^ dimp^ Sel(T, r;i(x)) + ^(0) (mod 2). 
Proof. Apply Theorem 13.101 with 7 — ?7i(x) and 7' = f7o(x)- D 
Corollary 3.12. Suppose w G S, and x,x' ^ C{Ky). Then 

hvix, x) = ^d(1«, x) + hv{'i-v,x) (mod 2). 



Proof. Apply Theorem l3.10l fwith c) = I) to the pairs (x, x')j (If i x)j and (1^, x') S 
FixFi. □ 
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4. Example: twists of elliptic curves 

In this section we consider the case where T = E[p\, the p-torsion on an ehiptic 
curve over K . We wiU show that this T comes equipped with the extra structure 
that we require, and that with an appropriate choice of twisting data, the Selmer 
groups Sel(i?[p],x) are classical Selmer groups. 

Fix for this section an elliptic curve E defined over if, a prime p, and let T := 
E[p]. Then T satisfies the hypotheses of with the pairing (jl.ip given by the Weil 
pairing. Let E be a finite set of places of K containing all archimedean places, all 
places above p, and all primes where E has bad reduction. Let O denote the ring 
of integers of the cyclotomic field of p-th roots of unity, and p the (unique) prime 
of O above p. 

If ]3 > 2, there is a unique global hyperbolic structure qs — ilE.v) on E[p] 
('Lemma l2.4p . For general p, there is a canonical global hyperbolic structure on 
E[p] constructed from the Heisenberg group, see \l6i §4]. We recall this construction 
below when p = 2, in the proof of Lemma IT2l ii). 

We next define twisting data for {E[p], S, q^;) in the sense of Definition 13.41 

Definition 4.1. Suppose x G C{K) (or x € C{Ky)) is nontrivial. If p = 2 we let 
E^ denote the quadratic twist of E by x- For general p, let F denote the cyclic 
extension of K (resp., K^) of degree p corresponding to X: and let E^ denote the 
abelian variety denoted Ep in [121 Definition 5.1]. Concretely, if x G ^i^) and 
X Ik then E^ is an abelian variety of dimension p ~ 1 over K, defined to be the 
kernel of the canonical map 

Res^(£;) — > E 

where Res^(£') denotes the Weil restriction of scalars of E from F to K. The 
character x induces an inclusion O C EndK{E^) (see [TH Theorem 5.5(iv)]). Let 
Qbx — (qEx.v) be the unique global hyperbolic structure on E^[p] if p > 2, and if 
p — 2 we let q^jx be the canonical global hyperbolic structure on the elliptic curve 
E^. 

If p = 2, then the two definitions above of E^ agree, with O — Z, and p = 2. 

Lemma 4.2. (i) There is a canonical Gk -isomorphism E^[p] = E[p\. 

(ii) The isomorphism of (i) identifies qp^.v with qE,v for every v and every 

Proof. Assertion (i) follows directly from the definition of quadratic twist when 
p — 2 (or see the proof of (ii) below). For general p, see [12l Theorem 2.2(iii)] or 
[TD, Proposition 4.1]. 

When p > 2, assertion (ii) follows from the uniqueness of the Tate quadratic 
form on T (Lemma 12. 4p . When p = 2, we use an explicit construction of the 
quadratic form qE,v Let Ky{E) denote the function field of E over Ky. Following 
[21 Proposition 1.32] we define the Heisenberg (or theta) group 

:= {(/,P) e Ky{E) X E[2] : the divisor of / is 2[P] - 2[0]} 

with group law 

(/,P).(.g,Q) := iT^if)g,P + Q) 
where tq is translation by Q on E. The projection Oe ^ £'[2] induces an exact 
sequence 

(4.1) l^K^ ^Qe^ E[2] 0. 
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We view Qe as an extension of E[2] by Gm, functorial in the sense that if E' is 
another elhptic curve over Ky and X : E E' is an isomorphism over Ky, then A 
induces an isomorphism A* : O^' — ^ 0b over Ky (that commutes with (j4.1l) in the 
obvious sense). It is easy to see that the map 

lsom{E,E') — ^ Isom(e£;',eE) 

defined by A i— > A* is a Gi^^ -equivariant homomorphism. 

With this notation, qE,y ■ H^{Ky, E[2]) — > H'^{Ky, K^) C Q/Z is the connecting 
map of the long exact sequence of (nonabehan) Galois cohomology attached to (|4.ip . 

Fix an isomorphism X : E ^ E^ defined over the quadratic field cut out by x- 
For every a e Gk^ we have A'^ = Ao where : — -B is multiplication 

by xi'^) — il- Thus the isomorphism A* : O^x — >■ Qe induced by A satisfies 
(A*)'^ (A'^)* [±1]* o A*. 

Clearly [-1] acts trivially on E[2]. Suppose / S Ky{E) has divisor 2[P] - 2[0] 
with P G E[2] — O. If we fix a Weierstrass model of E with coordinate functions 
X,Y, then / is a constant multiple of X — X{P), so / o [—1] = /. Hence [—1]* is 
the identity on 9b, so in fact (A*)*^ — X* for every a G Gk^- Hence O^x and Qe 
are isomorphic over Ky as extensions of £^[2], so by the definition above we have 
QEx^y = qE,v n 

Definition 4.3. Let tt denote any generator of the ideal p of O. If u is a place of 
K and x ^ C{Ky), define to be the image of the composition of the Kummer 

"division by tt" map with the isomorphism of Lemma I4.2r i) 



ay{x) ■■= imSige(^E^{Ky)/pE^{Ky) ^ H\Ky,E>^[p]) ^ ^[p])^ 

Note that ay{x) is independent of the choice of generator tt. 

Lemma 4.4. For every place v and x G C{Ky), we have ay{x) G 'H{qE.v)- 

Proof. If p = 2, then [Tni Proposition 4.10] shows for every v that the image of 
E{Ky)/2E{Ky) in H^{Ky, E^[2]) is a Lagrangian subspace for qy^E^- If P > 2, then 
[TOl Proposition A. 7] (together with Lemma [2^ shows that av{x) is a Lagrangian 
subspace for the (unique) Tate quadratic form on H^(Ky, E^[p]), and hence for 
qy^E^- Now the lemma follows from Lemma [4.2^ 1). □ 

As in Definition[3Jl let hy(x,x') dimFp(a«(x)/(ai>(x) n ay(x')))- 

Lemma 4.5. Suppose v is a place of K , and x G C{Ky). Let F/Ky be the cyclic 
extension cut out by x- Then 

hy{ly,x) = diniF, E{Ky)/NF,KMF)- 

Proof. When p = 2, this is due to Kramer 9, Proposition 7]. For general p this is 
[TOl Corollary 5.3]. (That result is only stated for p > 2, but the proof for p = 2 is 
the same.) □ 

Lemma 4.6. Suppose p — 2, v ^ Y,, and ijj G C{Ky). Let 

at : C{Ky) — > l-L{qE't,y) = UiqE.v) 

and hllKlyjX) := dimpa (a?f (l)j)/(Q;jf (1^) n ajf (x))) be as defined in Definitions \4.3\ 
and \3.9\ respectively, for E^ instead of E. Then 

hti^v,x) = hy{ilj,xip) = hy{ly,ip) + ft.„(l.u,xV') (mod 2). 
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Proof. It follows directly from Definition 14.31 that af{x) — at)(x'0) for every x G 
C{Kv). Thus the lemma follows from Corollary [3321 O 

Lemma 4.7. Suppose p > 2, v Cz V2, and x G C{Ky) is nontrivial. If F is the 
cyclic extension of Ky corresponding to x, then 

ayix) - Hom(Gal(F/if,),£;[p]) C Hom(GK„ , ^[p]) = H\Ky,E[p]). 

Proof. Let G := Gal{F/Ky). Fix a generator a of G, and let tt = 1 — xi'^) ^ so 
ttO = p. Let I := (cr - 1)Z[G] be the augmentation ideal of Z[G]. By jI21 Theorem 
2.2], we have an isomorphism of Z[/Xp] [GK^,]-modules 

E^[p] ^ I(g> E[p] 

where 7 G Gk^ acts by 7"-^ (g) 7 on I ig) and tt acts as multiplication by 

(1 — cr) (g) 1 on 1(g) Since v G 1^2, Gk^ acts trivially on E[p]. Hence 

(4.2) E^{Ky)[p] - E^[pf'<^' - SX[p], 

(4.3) E^{F)[p] ^ E^ipf" = £;x[p]. 

Since p > 2, we have | p, so it follows from (g^ that £;'^(ii:.u)[p°°] = -B^[p]. 
Therefore E^{Ky) ^ i?'^[p] x B with a profinite abelian group B such that pi? = 
S, so it follows from gSJ that £;x(if„) c irE^iF). Identifying H^{Ky,E[p]) ^ 
Hom(Gif„ , i?b]), it follows from Definition l4.3l that if c e ay{x) C Hom(Gif„ , i?[p]), 
then c(Gf) = 0. Thus a„(x) C }lom{Ga\{F/ Ky), E[p]). By Lemma[27i;ii) we have 
dimFj, ctvix) = 2 = diniFp Hom(Gal(F/iir,j), which completes the proof. □ 

Proposition 4.8. The maps ay of Definition \4.3\ for w € S and v € V2, give 
twisting data as in Definition \3.4\ 

Proof. It follows from the definition that ay{x) depends only on the extension of 
Ky cut out by X- 

By Lemma [4.4[ ay{x) G HiqE.v) for every v and every x € C{Ky). Thus tty 
satisfies Definition 13. 4r i) for w e E. 

Now suppose that w e 'P2- If X e C,^ni{Ky), then a„(x) n T) = by [HI 

Lemma 2.11], so a«(x) G ^ramlte,!))- To complete the proof of the proposition we 
need only show that the map ay : Cram(-?^t))/Aut(/Xp) — > HmmiqE ,v) is a bijection. 
Since 

\Cram{Ky) / Aut{flp)\ = _p = |'Hram(gS,'»)| 

by local class field theory and Lemma [STfT iii). we only need to show the injectivity 
of ay , and when p > 2 this follows from Lemma 14.71 

Suppose p = 2. Let ijj,x € C{Ky) be a ramified and nontrivial unramified 
character, respectively. Then Ci-a,niiKy) = {■01 xV'}; so we need only show that 
a^(V') 7^ ay{xtp). 

Let F be the unramified quadratic extension of Ky. Since v £V2, we have that 
V \2, E has good reduction at v, and Gx„ acts trivially on i?[2]. Since -0 is ramified 
over F, E^ has additive reduction over F above v. Tate's algorithm [25] shows that 
E^{F)[2^] = E'I'{F)[2] = E'l'{Ky)[2] = £[2], and so E'l'{Ky) and are each 

isomorphic to the product of the Klein 4-group i?[2] with profinite abelian groups 
of odd order. Hence N f/k^E'I' (F) = 2E'l'{Ky), so by Lemmas |43] and [H] 

2 = ht{ly,x) = hy{ip,xip) = dimF^{ay{tl;)/{ay{tl;) D ay{xip))) 
and in particular ay{Tp) ^ ay{x^). Q 
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Proposition 4.9. With the twisting data of Definition^J^ and any generator tt of 
Pj for X G C(A') we have that Sel{E[p],x) — Se^Tr{E^/K), the usual n-Selmer group 
of E^/K. In particular when p = 2, Se\{E[2\,x) = Sel2{E^/K) is the classical 
2-Selmer group ofE^/K. 

Proof. Choose G 2? such that x G C(d). By definition 

Sel^{E^/K) {c e H\K, E[p]) : e a„(x) for every v} 

with ay{x) as in Definition 14.31 Thus we need to show that H^^^^{Kv,T) = ay{x) 
for every v. 

If V G S, or if Tj I D and v G V2, then this is the definition of Hg^^~^{K^, T). liv\X) 
and V e Vo, then H^{Ky,T) = by Lemma [2jri). and ii v ^ T,{d) then ay{x) = 
H^^{Ky,T) by [TJ Lemma 4.1], so in those cases we also have H^^^-^{Ky, T) = ay{x)- 

It remains only to check those v such that v \ and v E Vi- In that case 
a„(x) n H^^{K^,T) by [m Lemma 2.11], so q;„(x) C 'Hrara{qE,v)- But in this 
case |'Hram('?£;.t>)| = 1 by Lemma I^TTT iii). and Hgf^^^{Ky,T) is the unique element of 
'HiamiqE,v) by definition, so Hgj^^-^{K^,T) — a^ix) in this case also. This completes 
the proof. □ 

Remark 4.10. Definition 14.11 of E^ shows that E''^ depends only on the field cut 
out by X, not on the choice of character x itself. As mentioned in Remark 13. 7[ it 
is easier to count characters of order p than cyclic extensions of degree p, because 
the set of characters is a group. 

If F/K is the cyclic extension cut out by x 7^ l/fj then the short exact sequence 
0^ E^ ^ Res^(£;) ^ S ^ of Definition O gives an identity of Mordell-Weil 
ranks 

rank(£;(F)) = rank(Res^(£;)(A')) = rank(£;(is:)) + rank(£;'^(is:)). 

In particular if Sel(i?[p],x) = 0, then by Proposition 14.91 we have rank(_E(i^)) = 
rank(i?(ii')). Theorem iBl of the Introduction (see fTT|) shows that this happens 
frequently. 

5. Local and global characters 

For the rest of this paper we fix T and S as in 21 a global hyperbolic structure 
q on T as in Definition 12.31 and twisting data as in Definition 13.41 Recall that 
K(T) is the field of definition of the elements of T, i.e., the fixed field in K of 
keT{GK Aut(T)). 

For the rest of this paper we assume also that 

(5.1) Pic(Oif,E) = 0, 
and 

(5.2) OlJiOl^r ^l[K:;/{K:;r isinjective, 

■uSS 

where Ok e is the ring of E-integers of K, i.e., the elements that are integral at all 

Lemma 5.1. Conditions (|5.ip and (|5.2p can always be satisfied by increasing T, if 
necessary. 
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Proof. First, increase S if necessary by adding primes q whose classes generate 
the ideal class group of Ok- After this we will have (|5.ip . Further increases will 
preserve this condition. 

Let /s denote the natural map s/(^a' ^ Hve^ /{^vY^ ^^d suppose 
u e ker(/s) is nontrivial. The kernel of K"^ /{K'^)p K{^ipY / {Ki^ipYY is 
H\K{tij,)/K,tij,) =0,soui {K{tipr)P and [K{tip,u'/P) : Kifi^,)] = p. Let q be 
a prime of K whose Frobenius automorphism in Gal(if (/x^, v}/p)/ K) has order p. 

Let S' := SU{q}. Since Pic(Os) = 0, there is a A e O/cs' such that ordq(A) = 1. 
Thus J,, = J, X (A), where (A) is the infinite cyclic group generated by A. The 
map (A)/(AP) — >■ /{K^y is injective, so ker(/x;') C ker(/x;) and the inclusion 
is strict because ker(/s) contains u and ker(/s') does not. Replacing S by S', we 
can continue in this way until kcr(/s) = 1, i.e., until (|5.2p holds. □ 

Lemma 5.2. Define the subgroup A C / {K^)p by 

A := keiiK'' /{K'')P -> K{Ty / {K{T)'')P). 

Then there is a canonical isomorphism 

A A Hom(Gal(if(T)/if(/x^)),/Xp)G-^(^(^)/^), 

and A is cyclic, generated by an element A G ^. 

Proof. The infiation-restriction sequence of Galois cohomology, together with the 
fact that H^{F,fip) = F"^ /{F'^)p for every field F, shows that 

A = ker(i/i(i^,/Xp) ^ H\K{T),fip)) = (K (T) / K , f,^) . 

Since [K{fip) : K] is prime to p, the Hochschild-Serre spectral sequence gives an 
isomorphism 

A = H\K{T)/K, ^ H\K(T)/K{f,p), ;,^)Gai(K(T)/K) 

= Hom(Gal(if (T)/if (Mp)), f^^f^'^^^^^/^l 

Since Ga.\{K{T)/K{fipj) is isomorphic to a subgroup of SL2(rp), we see that 
Hom(Gal(i<r(T)/if (/2p)), /ip) has order 1 or p. Thus A is cyclic. 

Let Ik,i: (resp., Ik{t).y,) denote the group of fractional ideals of K (resp., K{T)) 
prime to S. We have a commutative diagram 

1 ^ OU{Ol^)P K-/{K- )P 1 



if(T)x/(i^(r)x)f ^/k(T),s//^(T),S 

in which the top row is exact by (15.11) . Since K{T) / K is unramified outside of S, the 
right-hand vertical map is injective, so A (the kernel of the left-hand vertical map) 
is contained in the image of of j,. This completes the proof of the lemma. □ 

Lemma 5.3. Suppose p < 3, E is an elliptic curve over K, and T — E[p]. Then 
we can take the element A of Lemma \5.'^ to be the discriminant Ae of (any model 
of)E. 
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Proof. Since S contains all primes where E has bad reduction, we have Ae G 
C^.E • iK"")^^. By LemmaEia {1} ifp\[K{E[p]) : K]. 

Suppose first that p = 2. Then e (iC(i;[2])^ )2 and [K{E[2]) : K{^/A^)] 
divides 3. Thus Ae e {K'')^ ii and only if 2 f [i^(i;[2]) : if], so As generates A. 

Similarly, when p — 3, computing the discriminant of the universal elliptic curve 
with fuU level 3 structure (see for example [HJ §1.1]) shows that A^; G (^^(£'[3])^)^ 
and that [i4r(£'[3]) : K{iJi^, Ae)] divides 8, so again A^; generates A. □ 

Fix once and for all a A S ^ as in Lemma 15.21 Recall (Definition I3.5P that 

Ti n«eE^(-^-f)' ^0^*5 generally To := Uves'^i^v) ^ Dqiss Cram(^q) for 
e 2?. 

Definition 5.4. Define a "sign" homomorphism sign^ : Fi ^ /Xp by 

sign^(...,7„,...) := J| 7^,(A). 

Composing with the natural maps Tq — >■ Fi and C{K) ^ Fi, we will extend sign^ 
to Fg for every D gT>, and to C{K). 

Lemma 5.5. (i) If A ^ {^^t)^^ then sign^ is nonconstant. 

(ii) //q e ^2 and Xq e C{K^) ', then Xq(A) = 1. 

(iii) If C\ € Vi and Xq € C{Kq), then Xq(^) = 1 and only if Xq is unramified. 

(iv) Ifp = 2, q € Vo, and Xq G C(Xq), t/ien Xq(A) = 1. 

Proof. If A ^ tti™ it follows from (j5.2p that there is a w G S such that 

A ^ {K^y. Therefore there is Xv G C{Ky) such that Xv{A) ^ 1, and (i) follows. 

By Lemma inSlJi), if q G 7^2 then Frobq fixes K{T), so Frobq fixes A^/p, so 
A e {K'^y. This proves (ii). Similarly, if p = 2 and q G T'q then Lemma [3.31^ iii) 
shows that Frobq e Gal(/f (T)/iir) has order 3. Thus again Frobq fixes a/A, so 
A G {K^f. This proves (iv). 

If q G Pi then Lemma l^^ n) shows that Frobq e Gs.\{K{T)/ K) has order p, 
and in particular Frobq G Ga\{K (T) / K {ij,^)) . But the only extension of degree 
p of K{^lp) in ii:(T) is i^(Ai/P), so we conclude that A ^ (ifq'')''. Therefore A 
generates /{O^Y = 7i/p7i, where Oq is the ring of integers of K^. It follows 
that for Xq G C(i\:q), we have Xq(A) = 1 if and only if Xq(Oq^) = 1. This is (in). □ 

Lemma 5.6. Suppose G and H are abelian groups, and J d G x H is a subgroup. 
Let ttq and denote the projection maps from G x H to G and H , respectively. 
Let Jo :=ker(J ^ G/Gp). 

(i) The image of the natural map IIom((G x H)/J,fip) — )■ Hom(iJ, /x^) is 
Hom(7?/7ri/(Jo),/Xp). 

(ii) If J/JP — G/GP is injective, then IIom((G x II)/J,fip) IIom(_ff, /Xp) is 
surjective. 

Proof. We have an exact sequence of Fp-vector spaces 

— ^ TTHiJo)IIP/HP — ^ H/HP — ^ (G X H)/J{G x H)p. 
Assertion (i) follows by applying IIom( • ,/i.p), and (ii) follows directly from (i). □ 

Lemma 5.7. (i) The natural map C^.e/I^^.s)^ ^ Dq^E '^^K'^qY 

jective. 
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(ii) The kernel of the natural map O^.s/lC/cs)^ ^ IlqeV2 /i^^Y 

Proof. Suppose a € j,, a ^ (O^^s)^- Then a (f, {Kiyii^YY . If q ^ E is any 
prime whose Frobenius in Gal(i4r(/i,p, oi^I'p)! K(^\i^) is nontrivial, then a S but 
a (O^ Y . Thus a is not in the kernel of the map of (i), and (i) fohows. 

Now suppose a i A. Then a^/P ^ K{T), so we can choose a nontrivial auto- 
morphism cr e GaliK{T,a^^P)/K{T)). Suppose q ^ E is a prime whose Frobenius 
in Ga\{K{T,a^/P)/K(T)) is a. Then q e 7^2 by Lemma [OJi), and a G but 
a ^ This shows that the kernel of the map of (ii) is contained in A, and A 

is contained in the kernel by Lemma IS-Sf ii). □ 



Proposition 5.8. (i) The natural homomorphism C{K) — ;> Fi is surjective. 

(ii) // q ^ E and fip C , then there is a x ^ C(^) ramified at q and 
unramified outside of E and q . 

(iii) There is a finite subgroup ofC{K), containing only characters unramified 
outside of Y, andV2, whose image in Fi is ker(sign_^). 

Proof. Let denote the ideles of K. Global class field theory and (|5.ip show 
that 

(5.3) C(/0 = Hom(A]^/X^/Xp) = Hom((n,gs^^ x Tlq^s ^^q')/^^^,E, Mp)- 
For (i), we apply Lemma l5.6f ii) with 

Then J j — ?> G/GP is injective by Lemma [STTT i). so Lemma ISTBT ii) and ()5.3p show 
that 

C(/0-Hom(n.gs^.'.Mp)-ri 

is surjective. 

For (ii), we apply Lemma l5.6f ii) with 

Assumption (|5.2p says that the map J/J^ — G/G^ is injective, so by Lemma [5^ ii) 
and (15.311 we have that 



(5.4) C(if)-Hom(n„^st??,/^p) 

is surjective. If fi^ C then we can fix an element ^p E Hom(J|^^j. , fip) such 
that ip{OY) 7^ 1 but V'(C?) = 1 if w 7^ q, and let x G C{K) be a character that 
maps to -0 under (|5.4p . Then x satisfies (ii). 
For (iii) , we apply Lemma I5.6f i') with 

Lemma [5.7f ii) shows that kei{J/JP — > G/G^) — A, and then Lemma fS.Sf i) and 
(|5.3p show that the image of 

C{K) ^ Hom( n X n ' /^p) 
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is Hom((J|^gj. if^ X riqe-PoUPi ^^)/-^'Mp)- Restricting to characters unramified 
at Vo U Vi proves (iii), since ker(sign^) = Hom((n^gj. K'^)/A, fip). □ 

6. Parity disparity (p = 2) 

Fix T and S as in 21 a- global hyperbolic structure q on T as in Definition 12.31 
and twisting data as in Definition 13.41 In this section we let p = 2 and we study 
how the parity of dimF2 Sel(T, x) varies as x varies. The main result is Theoreni l6.6l 
(Theorem[X]of the Introduction). When T — E[2] with an elliptic curve E/K, we 
make Theorem 16.61 more explicit in Proposition 16. 9[ Corollary I6.10[ and Example 

Suppose throughout this section that p — 2 and that (|5.ip and (|5.2p are satisfied. 
Let A G ^ be as in Lemma 15.21 

If X G CiK), let r{x) '■= dimpa Sel(r, x), where Sel(r, x) is given by Definition 
13.61 the Selmer group for the twist of T by x- If T = i?[2] with the natural twisting 
data, then r(x) = diniFa Se\2{E^ / K) by Proposition 14.91 

Recall the function hv{x,x') ■— dimpa Oiv{x)/ {(^v{x) ^ Q!f (x')) of Definition 13.91 

Definition 6.1. For every v G T,, define a map (of sets) ujy : C{Ky) {±1} by 

^viXv) ■■= (-l)'^"(^->^")x.(A). 
Proposition 6.2. Suppose x G C{K). Then 

r(x) = r{lK) (mod 2) ^ [| w„(x.) = L 

Proof. We will deduce this from Theorem r3. 101 Fix e 2? such that x e C(c)). If 
q e 7^0 U 7^2, then Xq(A) = 1 by Lemma [S^Tu.ivV If q G T'l, then Xq(A) = -1 if 
q I 5, and Xq(A) = 1 if q f 5, by Lemma [5. 5f iii). Therefore 

Xq(A) = (— i)lfi-i ^ '^^ q I o}l = 

q^E 

SO by Theorem [331 

r(x) = riU) (mod 2) [] iu4xv)Xv{A)) H ^-(^) = 1- 

■USE D^E 

Global class field theory shows that Y[y Xv{^) — 1, and the proposition follows. □ 

Definition 6.3. Define a (set) function C{K) — > Z>o measuring the "size" of a 
character x by 

11x11 := max{Nq : x is ramified at q} 
If X > 0, let C{K, X) C C{K) be the subgroup 

CiK,X) ■.= {xeCiK):\\x\\<X}. 
Definition 6.4. For every w S S define 

Note that -l + 2/\C{Ky)\ < 6^ < I for every i; (since w„(l„) 1) and S G [-1, 1]. 
Lemma 6.5. |{7 e Fi : UvesMlv) = l}|/|ri| = (1 + Il.eE ^-)/2- 
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Proof. Let TV = |{7 e Ti : Uves^v{lv) 1}|. Since Ti = YlveJ:C{Ky), we have 

N-{\r,\-N)=Y,l[uj,ij,,) = Y[f J2 

7eri lies nes ^ 7„ec(/i'„) 



and dividing both sides by iFij — Yl^^^ \C{Ky)\ yields 

iril 



lies 



The lemma follows. □ 

Theorem 6.6. For all sufficiently large X , 

\{X e C{K, X) : r{x) is even}\ _l + 5 



\C{K,X)\ 2 ■ 

Proof. Suppose X is large enough so that the natural group homomorphism rj : 
C{K,X) — > Fi is surjective (this holds for all sufficiently large X by Proposition 
l5.8r i)V By Proposition I6.2[ the parity of r(x) depends only on ry(x). Since 77 is a 
homomorphism, all of its fibers have the same size, so by Proposition 16.21 



\{X e C{K,X) : r(x) ^ r(lx) (mod 2)}| ^ |{7 € Ti : Uves^vhv) ^ 
\C{K,X)\ iPil 

Now the theorem follows from Lemma 15751 □ 



Remark 6.7. As the proof shows, the equality of Theorem 16 .61 holds with C{K, X) 
replaced by any subset B C C{K) having the property that there is a subgroup 
A C C{K) such that the natural map A — )• Fi is surjective and AB = B. This will 
apply to the sets Bm{X) in i}Tl1 with A — C(1,X) for sufficiently large X, when 
p > 2; see Proposition l9.6l 

For the rest of this section, we fix an elliptic curve E/K and take T = E[2] with 
the natural twisting data of Definition 13.41 Proposition 16.91 below computes the 5^ 
for i?[2], in all cases when v \2, and in certain cases when v \2. We first need the 
following lemma. 

Lemma 6.8. Suppose v £Yi and ip G C{Ky). Let Uy be as in Definition \6.1[ and 
let (jj^ be the corresponding quantity defined with the elliptic curve E"^ over in 
place of E. Then for every x S C{Kv), we have 

iot{x)cotW^Mx4')- 

Proof Let ht{lv,x) be as given by Definition [SH for E'l' in place of E. Then by 
Lemma I4.6[ 



ojt{x)^tW = (-l)"''(^-^)x(A)(-l)'':^(i-'/')V'(A) 

^ (_l)'».(i.,VO+'».(i..x^)+/«.(i.,^)^^(A) =a;,(x^). 

□ 

Proposition 6.9. Suppose E is an elliptic curve over K , and T — £'[2] with the 
natural twisting data. For every w e let :— |{7 G C{Kv) : 1^1,(7) — ±1}|, and 
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let Cv '■— / {K^)'^\, SO Cv = 4: if V \ 2. Then we have the following table, where 
if V \ oo then "type" denotes the Kodaira type of the Neron model. 



type of V 


m+ 


m- 


Sv 


real 


1 


1 





complex 


1 





1 


split multiplicative 


1 


Cy - I 


2/c„ - 1 


type or I* , v > 0, not split multiplicative 


Cv - I 


1 


1 - 2/c„ 


good reduction or type V^, v \ 2 


4 





1 


type II, IV, II*, IV*, A e (K^)^, v\2 


4 





1 


type II, IV, II*, IV*, (i^^x)^ v\2 


2 


2 





type III, III*, -1 e (K^)^, V \ 2 


4 





1 


type III, III*, -1 i {K^Y, V \ 2 


2 


2 






Proof. Most of the entries in the table foUow directly from calculations of Kramer 
[5, using Lemma 14.51 For every v, we have ujy(ly) ~ 1, and by definition 6v — 
(m+ - my)/cv. 

Case 1: v archimedean. If v is complex then there is nothing to check. Suppose v is 
real, and let x '■ — >■ ±1 be the sign character, the nontrivial element of C{Ky). 
By Lemma 14.51 and [51 Proposition 6] , we have 

(6.1) (_i)'K,(i.,x) = _^(A) 

so ujvix) = ^1- Thus TO+ = niy = 1. 

Case 2: v split multiplicative. In this case Lemma 14.51 and [9, Proposition 1] show 
that if X G C{Kv) is nontrivial, then (|6.ip holds, so ojv{x) = ^1- Thus m+ = 1 and 
^ Cy - I. 

Case 3: v type 1^ or I* , > 0, not split multiplicative. In this case there is a 
ip € C{Ky), tp ^ ly, such that E"^ is split multiplicative (see for example [501 
§1.12]). Case 2 showed that U!'^{ip) — —1, and so by Case 2 and Lemma [6.81 we 
have — Cy — 1, m~ = 1. 

Case 4- 'V good reduction or type 1q, v \ 2. HE has good reduction at f , then Lemma 
133] and 9, Proposition 3] show that (-l)''"(i".x) = x(A) for every x G C{Ky), so 
uiy{x) = 1- If -E has reduction type IJ, then E has a quadratic twist with good 
reduction, so by Lemma 16.81 we again have uiy{x) — 1 for every x- In either case 

m+ ^ Cy ^ A, m;; = 0. 

Case 5: v type II, IV, 11*, or IV*, v \ 2. In this case the number of connected 
components of the Neron model is odd, and E has additive reduction at v, so E{Ky) 
is 2-divisible. Hence ay{x) is zero for every x, so hy{ly,x) = 0, so ujy{x) — x{^)- 
Thus if A e {K^Y, then m+ = Cy = -i and to" = 0, and if A ^ {K^Y, then 
m+ = m~ — 2. 

Case 6: v type III or III*, v \ 2. Suppose x G C(ii't,), x 7^ luj and let F be the 
corresponding quadratic extension of Ky. In this case Tate's algorithm [25i shows 
that 

E{Ky)[2]^Z/2Z, EiKy)^E{Ky)[2]xB, E{F) = E{F)[2] -k B' 

with profinite abelian groups B,B' of odd order, and ord„(A) is odd. If F 7^ 
Ky{^/K), then E{F)[2\ = E{Ky)[2\, so N;./k^F(F) = 2E{Ky) = B, so /i„(l., x) = 



SELMER RANKS OF QUADRATIC TWISTS OF ELLIPTIC CURVES 21 

1 by Lemma|431 li F = K^{^/E), then E{F)[2\ = E[2] and ^f/k^E{F) = E{K^), 
so /it,(lt,, x) = by Lemma H?5] 

Fix u € O^, u ^ {O^Y- We have C{Ky) = {It,, XA, X«i XAu}, where Xa is the 
quadratic character corresponding to K^{^/a). The discussion above showed that 
= K{1v,Xa) = and K{ly,Xu) = K{'^y,XAu) = 1- We have Xu(A) = 
— 1, since K^{s/u) / is unramificd and ordt,(A) is odd. With F = iir,;(\/A) we 
have 

xa(A) = 1 ^ AeNj./;^„F>< ^ _ieN;./^„F>< ^ 

and with F — Ky{\/ Au) we have 
XA«(A) = l ^ AeNf^/;f„F>< ^ -MeNj./K„i^'' 

Combining these facts gives the entries in the last two rows of the table. □ 

Corollary 6.10. (i) If K has a real embedding, then for all sufficiently large 

X we have 

|{X e C{K,X) : r(x) is odd}\ = \{x E C{K,X) : r(x) is even}\ = ffi^. 

(ii) If K has no real embeddings, E/K is semistable, and E has multiplicative 
reduction at all primes above 2, then for all sufficiently large X 

\{xEC{K,X):r{x) is even}\ + 5 , ^ 
\C{K,X)\ - ^ ^ 2' 

Proof. If K has a real place w, then Proposition [53] shows that 6^ — 0, so (i) follows 
from Theorem 16.61 

Under the hypotheses of (ii), Proposition 16.91 shows that < < 1, so (ii) 
follows from Theorem 16.61 as well. □ 



Example 6.11. Let E be the elliptic curve labelled 50B1 in [2].- 

y"^ A- xy + y — + — — 1 

and let K be a finite extension o/Q(-\/— 2), unramificd at 5. Then for all sufficiently 
large X , 

\{xeC{K,X):rix) is cven}\ ^1 (-l)l^^Q(v^)] _ 
\C{K,X)\ 2^ 2 

As K varies, these values are dense in the interval [0, 1]. 

Proof. The discriminant of i? is —2^ • 5^, which is a square in iiT, so A = 1 in 
/{K^)'^ . Over Q2, E has split multiplicative reduction, so E has split multi- 
plicative reduction at every prime of K above 2. Over Q5, E has Kodaira type II, 
and since if/Q is unramified at 5, E has Kodaira type II at all primes of K above 
5. Further, since K is unramified at 5 we have E{K)[2] = 0. 

Let w{E/Ky) denote the local root number of E over Ky. We have w{E/Ky) = 1 
if u j" 2 • 5 • 00. By [T71 Theorem 2] we have w{E/Ky) = — 1 if u | 2 or ti | 00, and 
w{E/Ky) = 1 if u I 5. Thus the global root number w{E/K) is given by 

w{E/K) ^l[w{E/Ky) = (-l)»=o+«. 
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where 712 (resp., Uoo — [K : Q(\/~2)]) is the number of places of K above 2 
(resp., above 00). By 5, Theorem 1.3] (the "2-Selmer parity conjecture"), combined 
with the Cassels pairing (see for example [13 Proposition 2.1]), it follows that 
dimF2 Sel2(£'/i^) = + "2 (mod 2). 

The field K has no real embeddings, and E has good reduction at all primes 
of K not dividing 10. Hence Proposition 16.91 shows that the 6 of Definition 16.41 is 
given hy 6= (-l)«-+"2 ll^^^{2/\K^ / {K^)^\ ~ 1). For each v dividing 2 we have 

|i^^x/(i^„X)2| ^2[^-Q^l+2 

SO the desired formula follows from Theorem 16.61 

To prove the final assertion, suppose i is a finite extension of Q, unramified at 
5, in which 2 splits completely, and let t := [L : Q]. Let K :— L{ ^"v/^) with 
TO > 1. Then K is unramified at 5, [K : Q(v'— 2)] = tm, n2 — [L : Q] — t, and 
[Ky : Q2] = 2m if u | 2. In this case the quantity in the formula of the theorem is 

- + ^-^(1-2-2"-!)*. 

2 2^ ^ 

As TO and t vary, the sets 

{log((l - 2-2™-!)*) . g^g^i^ |iQg((^ _ 2-2™-!)*) . qJ^i 

are both dense in R<o. It follows from the continuity of the exponential function 
that the set {(-l)*™(l-2-2™-i)*} is dense in [-1, 1]. This completes the proof. □ 

Note that the Selmer rank and Mordell-Weil rank of i?^ are related by 
TSink{E^{K)) > r(x) - dimp, E{K)[2] 

and if the 2-part of the Shafarevich-Tate group II1{E/K) is finite, then 

Tank{E^{K)) = r{x) - dimp^ E{K)[2] (mod 2). 

Thus by Theorem 16.61 we expect that rank(i?^(iir)) is odd (and therefore at least 
one) for exactly (1 - (-l)d™F2 b(^)[2]j)/2 of the twists E^. This leads to the 
following generalization of Goldfeld's conjecture [61 Conjecture B]. 

Conjecture 6.12. The average rank of the quadratic twists of E/K is given by 

ExgC(j^,X)^ank(ii;X(JC)) ^ l_(_l)dimp,g(j^)[2]^ 

x"So \C{K,X)\ ^ 2 

Example 6.13. This example shows that the fraction of even ranks given by 
Theorem 16.61 does depend on the way we have chosen to count the twists. Let 
C{K,X) be as above, and consider also the characters ordered by conductor, i.e., 
let 

Ccond{K,X) := {x e CiK) : Nf^ < X} 

where is (the finite part of) the conductor of x- Let E be the elliptic curve 38B1 
in [2] 

y'^ + xy + y = x^ -x'^ -12x + 15 
and K = Q(«). Then r(l/f) = 0, and E has split multiplicative reduction at the 
primes (l+i) and (19), and good reduction everywhere else. We have |C(iiri+i)| = 2'* 
and |C(i4rig)| = 2^, and according to Proposition 16.91 we have ujy{xv) = 1 if and 
only if Xv = In, for v — {1 + i) ov (19) and Xv G C{Ky). 
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li X > N(19) — 19^, then the miagcs of the characters x in the group C{K,X) 
are uniformly distributed in C{Ki+i) x C{Kig). Hence under the map 

C{K,X)^C{K,+,)xC{K,,) "^+''""> {±l}x{±l} 

exactly jq ■ j = of them map to (1, 1) and jf ' | = H of them map to (—1, — 1). 
Hence by Proposition 16.21 r{x) is even for exactly H = 5 + of the x G C{K, X). 
This is the content of Theorem 16.61 in this case. 

Now consider the density using Ccond{K, X) instead oi C{K, X). The quadratic 
characters of K correspond bijectively to squarefree integers d G Z[i] modulo ±1, 
and Ccond{K, X) corresponds to d with Nd < X. These characters no longer map 
uniformly to C{KiJ^i) xC{Kig)] for example, the fraction of characters unramified at 
(19) (i.e., the fraction of squarefree d's that are not divisible by 19) is 19^/ (19^ + 1), 
not 1/2. Of those that are unramified, half of the d's are squares modulo 19. 
Reasoning in this way we see that under the map 

C,ond{K,X) C(i^i+,) X C(i^i9) {±1} X {±1} 

the fraction mapping to (1,1) is 

/I 2 \ /I 19^ \ _ J_ 361 _ _361_ 
\8 ' 2 + 1) ' [2 ' 192 + ij ^ 12 ' 724 ~ 8688' 

and the fraction mapping to (— 1, — 1) is • ||| = We conclude by Proposition 
[Othat 

\{X € CcondiK,X) : r{x) is even}| ^ 361 1331 _ 2177 _ 1 4 

x^^oo |Ccond(-ft:,^)| 8688 2896 4344 2 4344' 



7. Parity (p > 2) 

In this section we take p > 2 and we study how the parity of dimpj, Sel(T, x) 
varies as x varies. The main result is Theorem 17.71 

Suppose throughout this section that p > 2 and that (|5.ip . (15. 2p are satisfied. 
Recall that C{K) = Ui,ev'^i^)- If X e C{d), let 

w(x) := w{d), r{x) := dimp^ Sel(T, x), 

where Sel(r, x) is given by Definition 13.61 the Selmer group for the twist of T by 
X- Similarly, if 7 e Fo we let r(7) := dimp^ Sel(T, 7). 
Let 1] : C{K) — Fi be the natural homomorphism. 

For the next few results we introduce the following notation. Order the primes 
of K not in S by norm, Nqi < Nq2 < • ■ ■ ■ For every n, let C„ C C{K) be the 
subgroup 

C*" •= {x G C(iir) ; X is ramified only at w G E and at with i < n}. 

Lemma 7.1. (i) If fip <f. K^^, then C„ — Cn-i- 

(ii) // fip C K^^, then there is a ip G C„, ramified at q„ and unramified at 
qi, . . . , q„-i, such that C„ = ULo V''C'n-i- If X ^ Cn^i then 

w{rx)^h''^ ^/qneT'oUT'. orpM ^^^^ 

\w{x) + l if qn eVi and p] I 
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Proof. If fip <f. K^^ then no character of order p can ramify at q„, so C„ ~ Cn-i- 
If C K^^ , then by Lemma I5.8f ii) there is a character ip G Cn ramified at q„ 
and unramified at qi, . . . , q„_i. The restriction of tp generates Hom(0^^, ^p), so %p 
generates C„/C„_i. If q„ € Vk and p -j" i then w{ip^x) = w{tp^) + ?«(x) = A: + 
This proves the lemma. □ 

For every 7 e Fi define 

^ |{X e C„ : ■nix) = 7 and w{x) is even}| _ 1 
|{xeC„:,7(x)=7}| 2- 
Let Z? := ker(sign^) C Fi, where sign_^ : Fi /x^ is given by Definition 15.41 

Lemma 7.2. If (\n G Vi and ip £ C„ is as in Lemma \7.1\ ii), then ri{ip) ^ D. 

Proof. By Lemma [5?5T iii) we have ipq^{A) 7^ 1. If q ^ S U {c\n} then V'q(^) = 1, so 

0,„(A)signA(77(v)) = n ^^-(^) = n ^^-(^) = 1- 

t)eSU{q„} all u 

Therefore sign^(77(-0)) 7^ 1, so ^ D. □ 

Lemma 7.3. There is an N (z Z>o swc/i t/iai if n > N then Sn(7) depends only on 
the image of "f inVi/D. 

Proof. By Proposition IS.Sf iii'). if n is large enough then for every j G D there is 
a character ip^ € Cn ramified only at primes in S U V2, such that r]{ip) = 7. If 
71,72 G Fi, and 727r^ = 7 G -D, then multiplication by V'7 gives a bijection 

{x e Cn ■■ vix) = 71} — > {X^ Cn : vix) = 72}- 

Further, for every x S C„ we have w(x) = wiip-yx) (mod 2). Thus s„(7i) — Sti(72), 
which proves the lemma. □ 

Let denote the R-vector space of (set) maps from Fi to R. Let go G 
be the map that sends every 7 to 1, and let s„ g R^^ be as above. If /, g S R'"^ 
define 

[f,g] := J2 fh)9h)- 

Lemma 7.4. Suppose n > N with N as in Lemma [7.5*1 // fip <f. K^^ let tp := 

Ik G Cn, and if fi^ C K^^ let tp e C„ he as in Lemma \7.1^ ii). In either case let 
£ := (—1)'"' where q„ G Vk, and ijj := rjitp) G Fi. Then for every f G R'^S ™c have 



[/, Sn-l] ifip&D, 
^[f,sn-i] + |i^[/,.go][5o,s„_i] ifip^D. 



Proof. For 7 G Fi, let G R'"^ be the function that takes 7 to 1 and everything 
else to 0. Since the pairing [ , ] is bilinear, it is enough to prove the lemma when 
/ = A- We have [f^,Sn] = s„(7), [/^,s„_.i] = s„-i(7), and [ff,go] = 1, so to 
prove the lemma we want to show that for every 7, 



(7.1) Snh) 



Sn-lil) if ■0 G Z?, 



If Hp <f. K^^, then tp = 1 £ D, and C„ = C„_i by Lemma ITTlT i). so 5,1(7) 
s„_i(7) for every 7 and (|7.ip holds in this case. 
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Suppose now that /x^ C K^^, so -0 is ramified at q„. Then for every 7 g Fi, 
X G Cn-i, and < i < p we have 



i = 0, rj{x) — 7, and w{x) is even, or 
« 7^ 0, 7?(x) = '0"^7, and (-l)«'(x) = e. 



rj{ip^x) = 7 and w{'ip^x) is even 

Thus, using that C„ = Uf^g^ ip^Cn^i by Lemma [Tjljii) , we have 

f (1/2 + ,s„_i(7)) + ECi (1/2 + egn-i(V/7)) 
(1/2 + s„(7)) = 

or equivalently 

(7.2) .„(7) = (l~^-K-i(7) + ^SrJo^»-i(V^'7)^ 

P 

If i/j G £) then £ = 1 by Lemma [7121 Sn[^/^) and s„_i(i/)'7) are independent of z by 
Lemma rrsl and ()7.2p becomes Sn{"f) = s„_i(7). E -ip ^ D then generates Fi/D, 
so (using Lemma l7.3|) 



p-i 

j=o ijeFi/n ' ^' ijeFi 

and (fTTj) follows from (17^ . □ 

Corollary 7.5. //p | [i\:(r) : K] and f e IL^ , then lim„^oo [/, s„] = 0. 

Proof. We first prove the corollary when f ~ go- Choose n > N with N as in 
Lemma 17.31 Let tp and ip — 'q[tp) be as in Lemma 17.41 

If -i/) € Z?, then [go^Sn] — [soiSn] by Lemma [7.41 with f — go- If ^Z" ^ D, then 
Lemma 17.41 gives 

1 — e £ l + (p — l)e 

P IFil p 

We have e = (-1)* if |Z„ e "P^, so 

J[5o,Sn-i] if qnGT'oUT'a, 
(-^[5o,s«-iJ ifq„e7'i. 

If p I [A'(r) : K], then T'l is infinite by Lemma [3.31 and it follows that 

(7.3) lim [go, s„] = 0. 

Now the corollary for arbitrary / E follows from Lemma [7.41 and (|7.3p . □ 
Definition 7.6. Define 

|{7 G Fi : r(7) is odd}| 

''■^ \^\ ■ 

Note that p cannot be 1/2, since |Fi| is odd. 

Theorem 7.7. (i) Ifp] [K{T) : K], then for all sufficiently large X 

\{xeCiK,X):r{x) ts odd}\ _ 
\C{K,X)\ 
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(ii) Ifp I [K{T) : K], then 

\{xeCiK,X):r{x) »g odd}\ _ 1 
\CiK,X)\ 2' 

Proof. By Corollary 13. 11[ we have r{x) = fivix)) + ^ix) (mod 2) for every x, so 

(7.4) r(x) is odd -^=^ w(x) ^ r(?7(x)) (mod 2). 

Suppose first that p \ [K{T) : K]. Then ■u;(x) is even for every x by Lemma 
I3.3f ii). so r{x) is odd if and only if r{ri{xj) is odd. By Proposition 15 .8^ 1 . ij restricts 
to a surjective homomorphism C{K,X) — > Fi for sufficiently large X. Thus for 
large X 

\{X e C{K,X) : r(x) is odd}| = |{7 G Ti : r{^) is odd}| 

i| 

which proves (i). 

Now suppose p I [K{T) : K]. We may assume (Proposition [5^1)) that n is large 
enough so that the map 77 : C„ ^ Pi is surjective. Let / : Pi {±1} be the map 
defined by 7(7) = (-I)'-(t). Using ^ we have 

|{X e Cn : ??(x) = 7 and r(x) is odd}| ^ / ^ 

-j— — -— ^- = 1/2 - / 7)s« 7)- 

|{X e Cn : ?7(x) = 7II 

Since all fibers of 77 have the same size, we have 

|{xeg«:r(x)isodd}| 1 ^ E^gri(V2-/(7)sn(7)) 1 

\Cn\ 2 " |Pi| 2 

Now (ii) follows from Corollary [73] □ 

Remark 7.8. Fix an elliptic curve E/K, and let p vary. Serre's theorem [20] shows 
that p I [K{T) : K] for all but finitely many p, so Theorem I7.7r ii) shows that for 
all but finitely many p, half of the twists have even Selmer rank and half have odd 
Selmer rank. 

8. Changing Selmer ranks 

In this section we study how the Selmer rank changes when we change one local 
condition, i.e., we study dimpp Sel(T, 7) — dimp^ Sel(T, 7) when 7 G Pjq projects to 
7 G Pj) . Proposition 18.11 evaluates this difference in terms of the dimension of the 
localization loCq (Sel(r, 7)), and Proposition 18.81 describes the distribution of the 
values dimpp loCq(Sel(r, 7)) as q varies. 

We continue to assume that (|5.ip and (|5.2p are satisfied (see the beginning of 
Recall the set V, and for 5 G 2? the sets S(5), Po, and C(d), all from Definition 
[531 If 5 e I? and 7 e Po, define 

rf,(7) := dimpp Sel(T,7). 
If dq G D, let ?7o.q : Paq — > Pg be the natural projection. 
Proposition 8.1. Suppose X) gT) and 7 G Po . If q E Vi U P2 and q\'0, let 
t(q) :=dimppimage(Sel(r,7) ^ HI{K^,T)). 
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(i) Suppose q € Vi, 7 G Foq, and r/i,,q{'^) — 7- T/ien < t(q) < 1, anrf 

'^^^^ V.(7) + l */t(q) = 0. 

(ii) Suppose qeV2- Then ^ p{p - 1), < t(q) < 2, and 
' n (7) - 2 «/ t(q) = 2, /or ever?/ 7 G 77o^i (7) 



-1/ 



roqil) 



roil) ift{q) = 1, for every 7 G 77o;(,(7); 

f D (7) + 2 «/ 1 (q) = 0, /or exac% p - 1 of the ^ e Vo,lil) 
3(7) = 0, /or an other 7 G r^jTilT")- 



Proof. Let 5(7) be the Selmer structure of Definition 13.61 Define 

5(7) 



Sel(r,7)(,) :=ker(iJ^(^)(if.,T)('') H\K,,T)), 



Sel(T,7)(,) c Scl(r,7),Sel(T,7) c Sel(r,7)(^). 



so 

Let y := loCq(Sel(T,7)('i)) C H^{K^,T). Poitou-Tate global duality (see for exam- 
ple [13l Theorem L4.10] or 24, Theorem 3.1]) shows that is a maximal isotropic 
subspace of H^{Kq,T) with respect to the local Tate pairing, and by Definition 
I2.3( ii). the quadratic form qq vanishes on y, so y G H((7q). In particular if q E Vi, 
then by Lemma 

dimp, y = i dimp, {K„T) ^ i. 

Let VuT := H^^.{Ki^,T) G 'H{qq), the unramified subspace. If i = 1 let V-y^ be the 
unique element of Hram('?q), and if i = 2 let V-y^ :— Q;q(7q), where ctq : C{Ky) — >■ 
^ram(9q) IS part of the given twisting data. Then by definition we have exact 
sequences 

Sei(r, 7)q ^ Sci(T, 7) y n y.^ o 

Sel(T,7)q Sel(r,7) ^ T/n y,, 0, 
and i(q) = dimFp(y n V^-r). We deduce that 
(8.1) roq(7) - ro(7) = dimp, (y n y^, ) - t(q). 

Suppose first that q G Pi, so i = 1. We have V G 'H{qq) — {yur,yy, }, and 
dimFp(yur) = dimFp(y^J = 1. If y = Kr then i(q) 1 and y n V^^ = 0, and if 
y = y^, then t(q) = and y n V^^ = y. Now (i) follows from ([5A|) . 

Next, suppose that q G 7^2- Then \r]^\{l)\ = |Ci.am(iirq)| = p{p- 1). By Theorem 
13. 101 we have r{,q(7) = rj,(7) (mod 2), and by definition V^^ n V^r = 0. 

If t(q) = 2, then y = K,., so y n y^, = and roq(7) = ro(7) - 2 by dM]). 

If t(q) = 1, then (|8.ip shows that dimFp(y n V^^) must be odd. Therefore 
dimFp(y n y^J = 1 and raq(7) = rx,{i). 

If t(q) = 0, then V G 'Hiam(<7q), and ((5?T|) shows that dimFp(y n y^J must be 
even, so dimp^ (y n y^. J = or 2. But dimp^ (y n y^, J = 2 if and only if V^^ = V, 
and Q!q : C{K^) / AMi{iip) — 'Hram('Zq) is a bijection. Now the last part of (ii) follows 
from (EB. □ 
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Definition 8.2. Let s{T) := niax{ri(7) : 7 e Ti}. 

Corollary 8.3. Suppose d e V and 7 G Tg. Then ri,{j) < s(T) + 

Proof. Let 771 : Fa ^ Fi be the natural projection. By Proposition 18.11 and induc- 
tion we have 7-5(7) ^ '"i('7i(7)) + and the corollary follows. □ 

Definition 8.4. A Cebotarev function C{n,d,Y) for {K,T,I]) is a function C : 
(R>o)^ — >■ R>o, nondecreasing in n, d, and Y, such that for 

• every DEI?, 

• every Galois extension F oi K that is abelian of exponent p over K(T), 
and unramified outside of 

• every pair of nonempty subsets S, S' C Gal{F/K) stable under conjuga- 
tion, 

• every Y > 0, and 

• every X > C{w{d),'Nd,Y), 
we have 



|{q ^ S(c)) : Nq < X,Fi-o\{F/K) g 5}| |5| 
|{q ^ !](£)) : Nq < X,Fvo\{F/K) e S'}\ \S'\ 
and in particular the denominator in (18. 2p is nonzero. 



1 

< — 
- Y 



Remark 8.5. We make no effort here to find an optimal Cebotarev function. The 
fact that Cebotarev functions exist follows from standard effective versions of the 
Cebotarev theorem (see for example [21] §2, Theorems 2 and 4]) together with the 
observations that 

• [F : Q] is bounded by p'^'^^"^ times a constant depending only on K{T) 
and S, 

• the absolute discriminant Dp of F is bounded by Nol^'*^! times a constant 
depending only on K and S, 

• the exceptional (Siegel) zeros of C^"(s) are bounded away from 1 by a 
constant depending only on [i^/Q] and Dp (see for example [22l Lemmas 
8 and 11]). 

Definition 8.6. Suppose c) G 2? and 7 £ Fg. If c G Sel(r, 7) let Resjf(3-) denote 
the composition 

(8.3) H\K,T) iji(ir(T),T)G-i(^(^)/^) - Hom(GK(7.),r)G-i(^(^)/^). 

Let F^^^ be the smallest extension of K{T) such that for every c G Sel(T, 7), the 
homomorphism KesK{T)C factors through Ga\{F/K{T)). In other words, i^£,,7 is 
the fixed field of ncgSei(T,7) ker(ReSi<-(T)c). 

Proposition 8.7. Suppose T is a simple GK-module, }iomQ^{T,T) — Fp, and 
H^{K{T)IK,T) = 0. Then for every d e V and £ Fi,: 

(i) There is a Gal{K{T)/K) -module isomorphism GaA{Fj,^^/K{T)) ^ T'"»('^). 

(ii) The map I{,esK{T) '■ Sel(T, 7) — )■ Hom(G'x(T) , T) induces isomorphisms 

Sel(r,7) A Hom(Gal(i^o,7/Alr)),r)G"'(^(^)/^), 
Gal(Fa,^/i^(r)) ^ Hom(Sel(r, 7), T) 

(iii) We have [i^o,^ : K{T)] < p2(to(o)+.(T)) ^ 

(iv) F-!) .y/K is unramified outside o/S(£)). 
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Proof. Let G Gal(A'(r)/A') and r := n{-f). Fix a basis {ci, . . . , Cr} of Sel(r, 7), 
and for each i let Ci — Resx(T)Ci G Hom(Gx(T)j T')'^- Then 

(8.4) 5i X • • • X £^ : Gal(F;,,^//s:(r)) — > T\ 

is a G-equivariant injection. Let W be the Fp[G]-niodule Ga.\{Fi ^-y / K (T)) . Since 
is isomorphic to a G- invariant submodule of the semisimple module T^, W 
is also semisimple. If U is an irreducible constituent of W, then U is also an 
irreducible constituent of T*", so U = T. Therefore W = for some j. Then 
dimpp Hom(W^, T)*^ = j by our assumption that Hom(3^(r, T) = Fp. On the 
other hand, since we assume H-^{K{T)/K,T) = we have that (|8.3p is injective, 
so ci, . . . ,Cr are Fp-linearly independent and dimpp Hom(M^, T)*^ > r. Therefore 
j = r, so (j8.4p is an isomorphism and (i) holds. The two displayed maps of (ii) 
are injective by definition, and both sides of the first map (resp., second map) have 
order (resp., p^^), so both maps are isomorphisms. 

It follows from (i) that [F^,^ : K{T)] = p'^^ , so (iii) follows directly from Corollary 

By Definition 13.61 every c S Sel(T, 7) is unramified outside of S(c)), so each 
ReSif (T)C is unramified outside of S(c)), so F^_^/ K is unramified outside of S(c)). □ 

Proposition 8.8. Suppose T is a simple Gx-niiodule, Homc^ (T,T) = Fp, and 
H^{K{T)/K,T) = 0. Fixd e V, and j e Fj,. For every q ^ E(c)) let 

t(q) :=dimFpimage(Sel(r,7) ^ HI{K^,T)) 



and let Cij be given by the following table: 







J = l 


.7 = 2 


i = 1 








i = 2 




(p+ l)(p-''»('^) _p-2ra(7)) 


1 - (p+ 1)j3-''»(t) _^pl-2r,{j) 



Then for i — 2 and j = 0, 1, 2, we have 

\{qeV,{X):q]:,,t{q}^j}\ ^ ^ 
x^^ |{qeP,(X):qtc)}l '''' 
More precisely, if C is a Cebotarev function in the sense of Definition ] 8. 4\ then for 
every e > and every X > C{w{d),'Nd, 1/e) we have 



\{qeV^{X)■.^]^,t{c{)^J}\ „ <^ 
\{qeV..{X):q\i}\ " ' 

If p I [K{T) : K] then the same is true for i — 1, j — 0, 1. 

Proof. Let r :— rT,{'-f), let F^^^ be the field of Definition 18.61 and for every q ^ I](c)) 
let Frobq G Gal{F^ .y/K) denote a Frobenius automorphism for some choice of prime 
above q. We need to interpret the different values of t{q) as Frobenius conditions 
on q. By Lemma l3^ q G T'l if and only if Frobq has order p, and q € 7^2 if 
and only if Frobq | if (t) = 1. 

Suppose q ^ E(c)). Then H^^.{Kq,T) = r/(Frobq - 1)T, with the isomorphism 
given by evaluating 1-cocycles on Frobq (see for example [TOl §XIII.l]). Thus t{q) 
is the Fp-dimension of the subspace 

{c(Frobq) : c a cocycle representing a class in Sel(r, 7)} C T/(Frobq — 1)T. 
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Let (j) : Ga\{F^^/K{T)) ^ Hom(Sel(T, 7), T) be the isomorphism of Proposition 

We first consider the case q € V2, or equivalently Frobq G Ga\{Fi / K [T)) , so 
r/(Frob(| - l)r = T. For < j < 2 let 

Rj := {/ e Hom(Sel(T,7),T) : dimp^ image(/) = j) 

and let Sj := (p-^iRj) C G&\{F^ / K {T)) C Gal(Fj,^^/i^). Then 

i(q) = ^ dimFjc(Frobq) : c G Sel(r,7)} - j ^ Frob, e 

If we set 5" := Sj and 5' := Gal(Fo^^/i^(r)), then it follows from Definition [HH 
and Proposition I8.7f iii.iv') that for every X > £(ti;(t)), NO, 1/e) we have 

\{qeV2{X),q]:,:t{q)^j}\ \R,\ ^ 

\{qeV2{X):q]d}\ [F,,, : K{T)] " ' 

By Proposition EZIi) we have [F^^-y : K{T)] = p^'-. Clearly \Rq\ = 1. We can 
decompose Ri into a disjoint union, over the p + I lines £ C T, of the nonzero 
elements of Hom(Sel(T, 7), £). Thus |i?i| = (p+ - 1), and 

m = P^"- ~\Ro\- \Ri\ = P"' -iP + IW -i)-i=p^'--{p + IK +p. 

This proves the proposition when i ~ 2. 

Now suppose p I [K{T) : K], so that Vi is nonempty. Suppose q E Vi, or 
equivalently Frobq has order p, so T/(Frobq — 1)T has dimension 1. Let 

S :— {g E Gal{Fo^f/K) : g\K{T) has order p 

and c{g) £ (g - 1)T for every c € Sel(T, 7)} 

(note that c{g) is well-defined in T/{g — 1)T, independent of the choice of cocycle 
representing c). Then S is closed under conjugation, and t(q) = if and only if 
Frobq G S. If we set S' := {g € Gal{F^^j/K) : g\K(T) has order p} then it follows 
from Definition 18.41 and Proposition 18. Tf iiLiv) that for every X > £(z«(c)),NO, 1/e) 
we have 

\{qGV,iX):t{q)=0}\ \S\ 
\{qeV,{X):q]:,}\ \S'\ " 
It remains to compute |S'|/|S"|. Let U := {g e Ga\{K{T)/K) : g has order p}. 
Then\S'\ = \U\[F,,.,:K{T)]^p^-\U\. 

Suppose g e Gal{Fj,.j/K) and g\K(T} G U. Evaluation at g induces a homomor- 
phism Xg : Sel(T, 7) ~> T/{g — 1)T, and we have g £ S if and only if Xg is identically 
zero. Uhe G&\{Fj, / K [T)) , then in T/{g - l)T = T/{gh - l)T we have 

Xgh{c) = c{gh) = c{g) + gc{h) Ag(c) + c{h) for every c € Sel(T,7). 

Thus gft, G S" if and only if the image of h under the composition 

Gal(Fo^^/X(T)) ^ Hom(Sel(r, 7), T) ^ Hom(Sel(T, 7), T/{g - 1)T). 

is equal to ~Xg. Since is an isomorphism, there are exactly p^ such h. It follows 
that the restriction map S" — >■ C/ is surjective, and all fibers have order p"^ . Therefore 
151 = p''|/7|, which proves the proposition when z = 1, j = 0. The result for i = j = 1 
follows since 

{qeT'i :qtc)}-{qePi :qt3,i(q) = 0}[]{qe7'i :qtc),t(q) = l}. 

□ 
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9. Local and global characters, when the image of Galois is big 

Throughout this section and the rest of the paper, we suppose that the image of 
the map Gk — > Aut(T) is large enough so that the following three properties hold: 

(9.1) T is a simple G/^-module, 

(9-2) HomG,,,,^,(r,T) = F„ 

(9.3) H^{K(T)/K,T) ^0 

Remark 9.1. For example, ([9?T1) . (|9?2|) . and (|93|) hold if the image of Gk 
Aut(r) contains SL(T) or the normalizer of a Cartan subgroup, li p = 2 then these 
conditions hold if and only if Gal(i^(r)/i^) ^ 5*3. 

The main result of this section is Proposition l9.6l 

Lemma 9.2. Let G := Ga\{K (T) / K (fip)) . 

(i) There is a a £ G such that ^ 1. 

(ii) If p > 3 then G has no quotient of order p. 

(iii) Ifp = 3 and 3 \ \G\, then G = SL2(T). 

Proof. Fix an Fp-basis of T, so that we can identify Gal{K{T)/ K{fip)) with a 
subgroup of SL2(Fp). 

Case 1: p \ \G\. Our assumption (|9.ip implies that G ^ 1. In this case any 
nontrivial a £ G satisfies (i), (ii) is trivial and (iii) is vacuous. 

Case 2: G — SL2(Fp). All three assertions follow directly in this case. 

Case 3: p \ \G\ and G ^ SL2(Fp). In this case, [20; Proposition 15] shows that G is 
contained in a Borel subgroup of SL2(Fp). It follows from (|9.2p that G commutes 
only with scalar matrices in M2x2(Fp), and so there is a subgroup H C Fp , H 
{±1}, such that with a suitable choice of basis 

Now (i) and (ii) follow directly, and we must have p > \H\ > 3 in this case. □ 

Lemma 9.3. Let A C C'x 5](o)/(C'i^ 5](d))^ subgroup defined in Lemma [KM 

(i) Ifp = 2, then \A\ = 2. 

(ii) Ifp^3, then \A\ = lor3,andA=lifi\ [K{T) : K]. 

(iii) Ifp>3, then A = l. 

Proof. By Lemma 15.21 we have 

(9.4) A = Hom(Gal(if (T)/if (/Xp)), ^j^^f^KK(i^,)/K)^ 

Assumption implies that if p = 2, then G&\{K{T)/K) ^ S3. Now (i) and (ii) 
follow directly from (19. 4p . 

If p > 3, then (iii) follows from ()9.4|) and Lemma |921[ii) . □ 

Lemma 9.4. Suppose C is a Cebotarev function in the sense of Definition \8.4\ 
d eV, ae C'ks(b)/(^ks(o))^' ""■^ a^l. Ifp > 2, or ifp = 2 and a ^ A, then 
there is a q e Vq with Nq < £(w(5), NO, 1) such that a ^ iO^)P. 
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Proof. Suppose first that a ^ A. Then by definition a ^ {K{T)^)p, so 

if (/xp, ni^(r)-i^(/xp). 

By Lemma r9.2f i'). there is a a G Gal{K (T) / K (fip)) such that cr^ ^ 1. Choose an 
element r e Gal{K{T,a^/P)/K{fip)) such that t\k{t) — <^ and tI/^ (^^_q1/p) ^ f. 
By Definition [HH] of a Cebotarev function, applied with F = K{T,a^/P) and S" 
equal to the conjugacy class of r, we see that there is a prime q ^ 2(0) with Nq < 
£(u;(0),Nc), 1) whose Frobenius in Ga\{K{T,a^lP)/K) is in the conjugacy class of 
r. For such a prime q, we have that q € T'o by Lemma IS^T iii) and a ^ {O^Y . 

By Lemma [9.31 it remains only to consider the case p = 3, 3 | [K{T) : K], and 
1 ^ a A. In this case G&\{K{T) / KipL.^^)) = SL2(r) by Lemma ESJiii) , so we 
can choose an element a G G3l{K{T) / K{ii^)) of order 6. Applying Definition 18.41 
of a Cebotarev function with F = K{T) and S' equal to the conjugacy class of cr, 
we see that there is a prime q ^ S with Nq < £(0, 1, 1) < C{w{d), ND, 1) whose 
Frobenius in Ga\{K{T)/ K) is in the conjugacy class of a. For such a prime q, we 
have that q S T'o by Lemma [3.3( iii). and a acts nontrivially on a^^^ € K(T), so 
a ^ (O^)^. This completes the proof. □ 

For X > 0, define 

C{'0,X) :— {x (^C{d) : X is unramified outside 

primes in T,{d) and primes q with Nq < X}. 
Definition 9.5. Extending Definition 15.41 for d E V we define sign^ 5 : Ff, — > /x^ 

by 

signA,3(---,7«,---) H'^''^^)- 

■06S 

If j3 = 2 and c) € I?, define 

r+ := {7 e To : signA,B(7) = 1}, T" := {jeT^: signA^o(7) = -!}• 

Note that by Lemmas 15. Sr i) and l9.3f i). sign^ g is nonconstant when p — 2. 

Proposition 9.6. Suppose that d Cz V, C is a Cebotarev function, and X > 
C{w{d), No, 1). Let rjx) ■ C(0) — )■ F^ be the natural map. 
(i) If p > 2 then t/j : C(0,X) — Fg is surjective. 

r-\ jf o (r(7. v\\ ^fw{^) is even 

{n)Ifp^2theni]i{C{d,X))^i 

I i J, tf w(o) IS odd. 
(iii) For every 7 G r]D(C{d, X)) we have 

\{xeC{d,X):rj,{x)=7}\ 
\C{i,X)\ 

Proof. Let £ be a Cebotarev function, and suppose X > £(ti;(t)), NO, 1). Global 
class field theory and (15.11) show that 

C(AO =Hom(A]^/i^^/.^) = Hom((n.,^(,)if - x U,m^) )/0^,s(d) ' /^p)- 

Let 

Si :={q:qe7'o,Nq<X}, 

^2 := {q : q e ^1 U 7^2, q t f } U {q : q e Vo, Nq > X}. 
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We apply Lemma 15.61 with 

Note that for x G C{K), we have 

X e C(f),X) ^ Xq(O^) = 1 for q e ^2 and Xq(OJ) ^ 1 if q | 0. 

lip > 2, then combining Lemma 19.41 and Lemma IS.Gf ii) shows that the map 

(9.5) CiK) Hom(n„es(c,) x U.es, > Mp) 

is surjective. Thus for every 7 e Fj, we can find a x G C{K), unramified outside of 
S, 0, and S'l, that restricts to 7. Such a x necessarily belongs to C{'0,X), and this 
shows that 770 : C(0,X) — Fj, is surjective, proving (i). 

Similarly, if p = 2 then A 7^ 1 by Lemma I9.3f i). Lemma 19.41 shows that 
ker(J/J^ — 7> G/G^) is generated by A, so by Lemma ISTST i) the image of (19.51) is ex- 
actly Hom((n,es(c,) x Jl^eS, 0^)/{A),{±l}). By Lemma ESTii) , A e {O^f 
for q e 7^2, and A generates /(O^)'^ for c\ e Vi. It follows that for 7 G Fj,, we 
have 7 e 77b(C(0,X)) if and only if sign^ 3(7) = This proves (ii). 

If Xi,X2 e C(5,X), then ?7£,(xi) = Vt>{X2) if and only if xiX^^ G C(l, X)nker(?7i). 
Since C(c), X) is stable under multiplication by C(l, X), it follows that all nonempty 
fibers of rj^ : C{d,X) Fg have the same order |C(1,X) n ker(?7i)|. This proves 
(iii). □ 

10. Probability distributions 

In this section we define canonical even and odd probability distributions Pcvcnj 
Podd on Z>o, and the Markov process AI that leads to them. Wc use standard 
results about Markov processes to express, for every probability distribution P, the 
limits limfc_>.oo M^'^(P) and lim^^oo M^'^+^(P) as linear combinations of Pcvcn and 
Podd (Proposition 110. 5p . 

Definition 10.1. A probability distribution (on Z>o) is a function P : Z>o [0, 1] 
such that X]n>o-'^("') ^ ^- Maps(Z>o,R) denote the vector space of (set) 
maps from Z>o to R, and S C Maps(Z>o,R) the set of probability distributions. 
If P G S, we define the parity p(P) of P by 

p(P) 

n odd 

Let Seven, 5odd C S bc the subsets 

Seven := {P G S : P(n) = if n is odd} = {P G S : p(P) = 0}, 
Sodd {P G S : P{n) = if n is even} = {P G S : p{P) = 1}. 

Define operators A/, TTeven , TTodd on Maps(Z>o,R) by 

M{P){n) := (1 - p-i-")P(n + 1) + p^-''P{n - 1) 

where we interpret P(— 1) = 0, and 

^■^•^ / N I P(n) if n is even , , I if n is even 

^even(P)(n) <^ / ^ . , , 7rodd(P)(n) := <^ . . , , 

10 II n IS odd, |P("-) if n IS odd. 

Lemma 10.2. We have: 

(i) M O TTovon = TTodd ° M and M O TTodd = TTeven ° M, 
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(ii) M{E) C ^, Af (^even) C Sodd, and Af (Sodd) C ^ovon, 

(iii) p(Af (P)) = 1 - p(P) for every P G 

(iv) if P e E then 7rovcn(P) G (1 - p(P))Sovcn, 7rodd(P) G p(P)Sodd, and 

P = 7rcvcn(P) + 7revcn(P)- 

Proof. Assertion (i) is clear from Definition 1 10. II of M. 

Suppose P G S, and let P' := M(P). With the convention that P(-l) 0, we 
have 

P'(n)= ^ ((l-p-i-")P(n + l)+pi-"P(n-l))= ^ P(n) 

n even n even n odd 

and similarly J2n odd P'(") = J2n even PI"-)- The rest of the lemma follows directly. 

□ 

If P,P' G E, define 

||P-P'||:=5]|PH-P'(n)|. 

?i>0 

This norm clearly satisfies a triangle inequality ||P-P'|| < ||P-P"|| + ||P"-P'|| 
for every P" G S, so it makes S into a metric space. 

Definition 10.3. For n > define 

oo n 

i=i i=i ^ 

Define Pevcn,Podd G Maps(Z>o, R) by 

, , I c„ if n is even ) if n is even 

Peveni") := < „ . , , Podd(") < . , , 

ID it n IS odd, I c„ it n is odd. 

Lemma 10.4. (i) Peven G Seven and Podd G Sodd- 

(ii) A/ (Peven) = Podd and Af(Podd) = Peven- 

Proof. For (i), we only need to show that J2n'^cvcn{n) — J2n'^odd{n) — 1. See 
[TBI Proposition 2.6], or [7] for the case p = 2. 

It follows directly from the definitions that Af (Peven) (t^) = if n is even. If n is 
odd, then using that c„+i/c„ = p/ (p"+^ — 1) we have 



A^(Peven)(n) - C„ (1 -p-^-«)^_ +p 



_ 1 ^ p 

= c„(p-" + (l-p-")) =c„. 
Thus Af (Peven) = Podd, and in exactly the same way Af(Podd) — Peven- □ 
Proposition 10.5. For every P G S, 

hm Af2'=(P) = (1 - p(P))Peven + p(P)Podd, 

/c— )-oo 

hm Af2'=+l(P) = p(P)Pevcn + (1 ^ p(P))Podd- 

/c— >-oo 

In particular if p(P) = then limA;_^oo M^(P) — -^Podd + ^Pcvcn- 
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Proof. By Lemnia ri0.2( ii). we can view as a Markov process on ZS^q", and by 
Lemma 110.41 Povcn S Seven is an equilibrium state for this Markov process (i.e., 
M'^iPeven) = Peven)- This Markov process is irreducible and aperiodic on ZSy™ in 
the sense of [151 Chapter 1]. By [HI Theorem 1.8.3], it follows that the equilibrium 
distribution is unique, and that for every P e Seven we have 

Hm M2*=P = Peven. 

In exactly the same way, Podd € Sodd is the unique equilibrium state in Sodd and 
for every P G Sodd we have limfe_j.oo M^'^P — Podd- Now the proposition follows 
from Lemma [1 . 2r iii.iv') . □ 

11. Rank densities 

In this section we use Propositions 18.11 18.81 and 110.51 to prove Theorem [B] of 
the Introduction (CoroUarv 111.131 below). We will deduce this from a finer result 
(Theorem [nUD. 

As in 311 we will assume throughout this section that (|9.1I) . (|9.2I) . and (19. 3|) 
hold. Recall that if 7 € Lj then ro(7) := dimp^ Sel(r, 7), and if x e C{K) then 
r(x) := dimpp Sel(T,x). 

Definition 11.1. Suppose 3 G I?. If p = 2, let and be as in Definition 19.51 
To simplify the notation, define T'^ := := Fj, if p > 2. For n> define 

r?(n) :={7eF± :ro(7) -71}, 

so F^ = Ui^o -'^^ ('^)' ^^'^ define probability distributions P^ by 

P±(„) := forn>0. 
|F±| 

Proposition 11.2. Suppose C is a Cebotarev function in the sense of Definition 
If X > C{w(d),Nd,l) then 

\{x G C{'i),X) : r{x) — n}\ JP^(n) if w(j}) is even 
\C{d,X)\ ~ [PoH tfw{t}) is odd. 

Proof Let ly := (-1)'"^°). Fix X > C{w(d), NO, 1). By PropositionllH the natural 
map 

r;^ :C(i),X)^F^ 

is surjective, and all fibers have the same order. By definition, if x G C(t)) then 
Sel(T,x) = Sel(r,?7o(x)). Therefore 

|{X £ C{^,X) : r(x) ^ n}\ ^ [{7 e Fg : r,{j) = n}\ ^ 
|C(0,X)| |F^| 

□ 

Recall that s(T) := max{ri(7) : 7 e Fi}. 

Theorem 11.3. Suppose d £ V, C is a Cebotarev function, and e > 0. Then for 
every X > C{w{i)), NO, (s(T) + u'(O) + 3)/e), and i = 2, we have 



\Uer.iX):q\^}\ 
If p I [K(T) : K\, then the same holds with i — 1 



< e. 
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Proof. Let := {q e Vt{X) : q\d}. li q e Qi let tto,, : T^^ be the natural 

projection. If 7 G and q ^ let 



t^(q) :-diniF,image(Sel(r,7) ^ H^AK.X}) 



Fix 71 > 0. We have 



qeQi 



E E 



|{7 e TTj, J(7) : roq(7) = 7i}| 



We first suppose p \ [K{T) : K], so Vi is nonempty, and consider i — 1. If q e T'l, 
then TTjq is an isomorphism and |Foq| = |Fo|. By Proposition 18. If i) . if 7ra.q(7) ~ 7 
then rBq(7) = n if and only if either 

• '''oil) — n — 1 and ^(q) — 0, or 

• ri,{j) — n + 1 and ^(q) = 1. 

Thus 



qeQi 



n)= E 

7er±(«-i) 



|{qeQi:t^(q) = 0}| 

|r?| 



E 

7er±(«+i) 



|{qeQi:t^(q)^l}| 



By Proposition 18.81 with i = 1, if ^{,(7) = n — 1 we have 
|{q£Qi:^(q)^0}| , 



\Qi\ 

and if r^, (7) = n + 1 we have 

KqeOi :i7(q) = l}l 



< 



IQi 



(i-p-i-) 



3(r) + u>(o) + 3 



- s(r) +3' 



Thus 



E 

7er±(n-i) 



|{qeQi :^(q) = 0}| , jF±(n-l)| 



ir^llQi 



E 



7er±(n+i) 



|{qeQi :^(q)^l}| 

irJilQil 



i-„jr^(n + i)| 



|r?| 



< 



s(r) + + 3' 



Z^qeQi fc^ i _ pi-"P±(n - 1) - (1 - p-i-")P±(n + 1) 



IQi 

We have 



< 



s(T) + ii;(t)) +3 



M(P±)(n) -pi-"P±(n - 1) + (1 -p-i-")P±(n + 1) 



by definition of M, and Pj^(n) = Po^("- ^ 1) = P^("' + 1) = for every q if 
n > s{T) + t(;(c)) + 2 by Corollary 18.31 Now the theorem follows, in the case i ~ \. 



SELMER RANKS OF QUADRATIC TWISTS OF ELLIPTIC CURVES 



37 



The case z = 2 is similar. In this case Tr^^q is (p^— p)-to-one, and using Proposition 
IS.lf ii) we see in the same way as when i = I that 

qGQ2 

V- |{qeQ2:^(q)=0}| v- (p - l)|{q £ Q2 : ^(q) ^ 0}| 
^ V- |{qeQ2:%(q)^l}| , |{q £ Q2 : t^(q) = 2}| 

ir±i ^ ir±i 

■yer^ (n) 7erj, (n+2) 

Now using Proposition 18.81 with z = 2 to approximate the four sums on the right, 
and the fact that 

+ (l-p-i-")(l-p-2-")P±(n + 2) 
the theorem foUows in the case i = 2. □ 

Definition 11.4. Fix a Cebotarev function £. Define sequences of real- valued 
functions {a„{X)}n>i, {bn{X)}n>o, depending on £, by 

ai(X) :=£(0,1,X), 
a„+i(X) :=max{£(2n,nj<„a,(^),^),^a«W}, n> 1 
6„(X) max{£(2n,n,<„a,(^),l),^}. 
Suppose m, fc > and X > 0. Define 

'Dm,k{X) := {0 e I? : w(fi) = k and = qi • • • q,„ with Nq^ < aj(X) for all j}, 
:= {5 e P,„,fc(^) : Nq < a™_i(X) for every q | O}, 
and for i = 1 , 2 

^m.fc(^) := i^" £ V„,^k{X) ■■ 5 is divisible by a q S T^, with Nq > a,„_i(X)}, 
and I?„i^A; Ux>o2'm,fc(-'^)- 

Lemma 11.5. (i) The set 'Drn,k is nonempty if and only if either k — 2m, or 

p I [K{T) : K] andm<k < 2m. 

(ii) For every e > we have X^~^ < \'P2{X)\ < X, 

W a.iXf-^ « \V„,,u{X)\ « n 

j < m J < m 

and ^ am_i(X) aj(X), with implied constants de- 

pending only on e, K, T, and E. If p \ [K{T) : K] then the same in- 
equalities hold with Vii^X) in place of'P2{X), and 'C>m\{X) in place of 

(iii) For i ~ 1,2 and X > 0, there is a natural bijection 

fc(^) ^ V,-a-i,k-r{X) X {q e r,{ar,AX)) : Nq > a„._i(X)} 
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Proof. Suppose = qi • • • G P. If p f [K{T) : K], then Vi is empty (Lemma 
13. 3p . so w(c)) = 2m and 'Drn,k is empty unless k — 2m. If p | [K{T) : K], then Vi 
has positive density (Lemma I3.3f ii)). so m < w{t)) < 2m and every integer in that 
range is possible. This proves (i). 

Assertion (ii) follows easily from the Cebotarev theorem for K{T)/K, and the 
bijection in (iii) is the map 5 i— s- (0/q,q) where q is the (unique) prime dividing 5 
with Nq > am-i{X). □ 

Proposition 11.6. Fix m, fc > such that Drn.k is nonempty. Then 

lim 5^i^^i4iI^ = M^(P±). 

X^oo |I?,„,fc(X)| ^ ^' 

Proof. We will prove the proposition when p \ [K{T) : if], so Vi is nonempty, and 
then we have m < k < 2m by Lemma [11.5( 1). The case p \ [K{T) : K] is similar. 

The proof is by induction on m. If m = 0, then fc = 0, I?„i,fe = {!}, and there is 
nothing to prove. 

Suppose m > 1. Note that if e V,n,kiX), then NO < YljKm^^ji^)- By 
Theorem 111.31 and our induction hypothesis, for i — I (if fc < 2m) and for i = 2 (if 
fc > to) we have 

p± 

- lim y -J£i^l^ ^ M'^iPf). 

The conditions fc < 2to or fc > to are to ensure that 'Dra-\,k~i is nonempty. We 
have a disjoint union 

P™,,(X) = <,(X) []2?«,(X) []P^^),(X), 

with 2?^*^ J. as in Definition 111.41 By Lemma Fl 1 .Sf ii.iii) . the left hand side of (|ll.ip 
is 

/ p± 

lim y —r^ (1 + 0(X-')) 

and we conclude from (jll.ip that for i = 1, 2, 

lim 5!^#^ = M^(Pf). 

By Lemma fll.Sf ii) we have limx^oo l^,n^fe(-'^)l/l^m^fe(-'^)l = and the proposition 
follows. □ 

Lemma 11.7. Suppose D € I?. If m is the number of primes dividing d, then for 
every X we have \Cid,X)\ = (p - 1)™|C(1,X)|. 

Proof. Suppose c) = qi • ■ ■ qm- For each j, by Proposition I5.8f ii) we can fix a 
character Xj & C{c\j) that is (necessarily ramified at q^ and) unramified outside of 
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c{j and S. Then every x e C{d) can be written uniquely as a product of powers of 
the Xj times a character unramified outside of E, so the map 

iF;rxc{i,x)^cid,x) 

defined by (rii, . . . , rim, V') Xi ^ ' ' ' Xm"^ is a bijection. This proves the lemma. 

□ 

Definition 11.8. For m,k>Q, define 
with bm{X) as in Definition 111.41 

Remark 11.9. Note that iim,k,xl3m.kiX) = C{K), and Bm,k{X) is nonempty 
if and only if 'Dm,k{X) is nonempty. The sets Um,k<NBm,k{X), as N and X 
grow, define what we call a "skew-box ordering" of the set of characters C{K), 
depending on the functions a„(X), 6„(JX). The most natural ordering of this kind 
would be to take a„(X) — bn{X) = X for every n; in that case we would have 
^rn,k<NBm,kiX) — C{K,X) for large enough N. Our method of proof leads in- 
stead to the boxes in Definition lll.81 

Remark 11.10. The sets Bm.k{X) depend on T and S, because they depend on 
the sets Vq, Vi, and 7^2 • But they do not depend on the chosen twisting data. Thus 
if we take two elliptic curves E, E' with E[p] = E'[p] as Gj^-modules, and take the 
same S for both E and E', then the sets Bm.ki^) £^re the same for E and E' . 

Theorem 11.11. Suppose (gT]), (g^, and (gSl) of ^ hold. Ifm,k,n>0 and 
T^m,k is nonempty, then 

^.^ \{X £ B„,.k{X) ■■ r{x) ^ ri}\ ^ fM'=(P+)(n) if k is even, 
x'^^oo |S,„,fe(X)| \M^{V^){n) if k is odd. 

Proof. By definition of Bm,k{^), 

\{X e B„,.k{X) : r(x) ^ n}\ _ E,ev,„,,ix) \{x £ C{d,bAX)) : r(x) ^ n}\ 

By Lemma Hi. 71 |C(0,6m(X))| is independent of G 'D„i,k, so 

\{X e BrnAX) ■■ r{x) ^ n}\ _ 1 ^ |{x £ : r(x) ^ n}| 

\BraAX)\ |2?„,fe(X)| ^^^^^^^^ \CiT,,bAX))\ 

using Definition 111.41 of bAX) and Proposition 111.21 for the final equality. By 
Proposition 1 11. 61 as X grows this converges to AI {P\ )in). □ 

Recall the probability distributions Pcvcn,Podd given explicitly by Definition 
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Corollary 11.12. Suppose dUTj), ([921), and hold. We have 

= (1 - p(P+))Peven(n) + p(P+)PoddW, 



= p(Pr)Pcvo„(?l) + (1 - p(Pr))Podd(«), 

where the limits are over any sequence of pairs (m, k) tending to infinity such that 
T^m.2k is nonempty (for the first equality) and 'Dm.2k+i is nonempty (for the second 
equality). 

Proof. The corollary follows directly from Theorem 111.111 and Proposition ll0.5l □ 

Corollary 11.13. Suppose E is an elliptic curve over K , and T = i5[2] with the 
natural twisting data. Suppose that G'a\{K{T)/K) = S3, and that E contains a 
prime q | 2 where E has good reduction and A ^ {K^ )"^ . Let Bm{X) UfcSm.fe(X) 
with Bm.k{X) as in Definition \11.8l Then for every n > we have 

lim lim . = (l-p(P]^))Peve„(n)+p(Pj^)Podd(n). 

m— i-oo A->oo j| 

Proof. We will show that p(P^) + p{Pi) = 1, and then the corollary will follow 
from Corollary 1 11. 121 

Since |r+| = \T^\ = \Ti\/2, we have 

, _ l{7 e r+ : r(7) is odd}| , |{7 G : r(7) is odd}| 



p(P+)+p(Pr) = 



irri irr 



_ |{7 e Ti : r(7) is odd}| 

iril 

Let q be as in the statement of the corollary, and fix (/3 S Fi such that ffiqi^) — —1, 
and (y5„ = 1„ if w 7^ q. Then multiplication by ip permutes the elements of Fi, and 
if 7 G Fi then by Theorem 13. 101 and Corollary 13 . 1 21 we have 

(11.2) r(7(/?) - r(7) EE ft.q(7q,7q<^q) = /iq(lq,7q) + /iq(lq,7q(pj (mod 2). 

By [21 Proposition 3] we have 

(_l)'^,(i,,7.) ^ ^^(A), (_i)^(i,,7,^,) = ^^^^(A) ^ -^^(A), 

so the right-hand side of (|11.2p is odd. Therefore r{j) is odd for exactly half of the 
7 G Fi, and we conclude that p(Pf ) + p(Pi) = 1- D 



Remark 11.14. The assumption in Corollary II 1.131 that E contains a prime q f 2 



where E has good reduction and A ^ {Ka )'^ can always be satisfied by adding to 



S any prime in Vi. 
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